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LOCALLY FINITE BASIC CLASSICAL SIMPLE LIE SUPERALGEBRAS 


Malihe Yousofzadeh 


Abstract. In this work, we study locally finite simple Lie superalgebras containing a Cartan subalgebra and 
equipped with an invariant nondegenerate even supersymmetric bilinear form. We call these Lie superalgebras 
locally finite basic classical simple Lie superalgebras, classify them and study the conjugacy classes of their 
Cartan subalgebras under the group of automorphisms. 

0. Introduction 

Following a physical interest in the context of supersymmetries, in 1977, V. Kac [4] introduced Lie superal¬ 
gebras (known as Z 2 -graded Lie algebras in physics). He classified classical Lie superalgebras which are finite 
dimensional simple Lie superalgebras whose even parts are reductive Lie algebras. These Lie superalgebras 
are a generalization of finite dimensional simple Lie algebras over an algebraically closed field of characteristic 
zero but classical Lie superalgebras are not necessarily equipped with nondegenerate invariant bilinear forms 
while Killing form on a finite dimensional simple Lie algebra over a field of characteristic zero is invariant and 
nondegenerate. To get a better super version of finite dimensional simple Lie algebras, one can work with those 
classical Lie superalgebras equipped with even nondegenerate invariant bilinear forms, called finite dimensional 
basic classical simple Lie superalgebras (f.d.b.c.s Lie superalgebras for short). A f.d.b.c.s Lie superalgebra has 
a weight space decomposition with respect to a Cartan subalgebra T~L of the even part whose root system is a 
union of a finite root system and a subset of the dual space 'H* of T~L consisting of some elements which are 
self-orthogonal with respect to the induced form on H*. 

The interaction of a finite dimensional simple Lie algebra with its root system is a powerful tool to study the 
structure of the Lie algebra via its root system. To consider such an approach on Lie superalgebra level, we first 
need to have an abstract definition of the root system of a Lie superalgebra apart from its connection with the Lie 
superalgebra. In m, the author introduces the notion of extended affine root supersystems and systematically 
studies them. Roughly speaking, a spanning set R of a nontrivial vector space over a field F of characteristic 
zero, equipped with a symmetric bilinear form, is called an extended affine root supersystem if the root string 
property is also satisfied. Such an R is called a locally finite root supersystem if the form is nondegenerate. 
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Locally finite root supersystems which are finite had been studied by V. Serganova in 1996 under the name 
generalized root systems [12]. Almost all generalized root systems appear as the root systems of f.d.b.c.s Lie 
superalgebras. For a locally finite root supersystem R, the self-orthogonal elements are called nonsingular roots 
and the elements which are not self-orthogonal, are called real roots. Real roots of R form a locally finite root 
system ( 0 , 1 10] ) and if R is irreducible with nonzero nonsingular part, its nonsingular roots have either one or 
two conjugacy classes under the Weyl group action depending on whether an arbitrary nonzero nonsingular root 
is conjugate to its opposite or not El- This helps us to know the structure of a Lie superalgebra £ whose root 
system is an irreducible locally finite root supersystem; more precisely, as real roots form a locally finite root 
system, we get that the derived algebra of the even part of £ is semisimple and considering the conjugacy classes 
of imaginary roots under the action of the Weyl group, we can show that the odd part of £ is a completely 
reducible module for the even part with at most two irreducible constituents; see Theorem 12.301 

Extended affine root supersystems appear as the root systems of the super version of invariant affine reflection 
algebras m called extended affine Lie superalgebras [T5]. Roughly speaking, a nonzero Lie superalgebra is called 
an extended affine Lie superalgebra, if it is equipped with an invariant nondegenerate even supersymmetric 
bilinear form and that it has a weight space decomposition with respect to a toral subalgebra of its even part 
whose root vectors satisfy some natural conditions. Extended affine Lie superalgebras whose corresponding 
toral subalgebras are self-centralizing (referred to as Cartan subalgebras) are important in some sense, namely, 
finite dimensional basic classical simple Lie superalgebras and affine Lie superalgebras are examples of such 
Lie superalgebras. We study extended affine Lie superalgebras having a Cartan subalgebra and figure out the 
properties of their root spaces; in particular, we find the dimension of root spaces corresponding to so-called 
nonisotropic roots. We then focus on a special subclass of extended affine Lie superalgebras whose elements 
are called locally finite basic classical simple Lie superalgebras (l.f.b.c.s Lie superalgebras for short); the root 
system of a l.f.b.c.s. Lie superalgebra is an irreducible locally finite root supersystem. Locally finite basic 
classical simple Lie superalgebras with zero odd part are exactly locally finite split simple Lie algebras [TD] . We 
classify l.f.b.c.s Lie superalgebras; due to our classification, a l.f.b.c.s Lie superalgebra with nonzero odd part 
is either a finite dimensional basic classical simple Lie superalgebra or isomorphic to one and only one of the 
Lie superalgebras osp(2J, 2 J) (/, J index sets with 1 1 U J| = oo, | J| ^ 0), osp(2/ + 1, 2 J) (I, J index sets with 
|/| < oo, |J| = oo) or sl(/g, / j ) (I an infinite superset with |Jg|, \Ii\ ^ 0); see Subsection 12.II for the definitions 
of these Lie superalgebras. We conclude the paper with studding the conjugacy classes of Cartan subalgebras 
of l.f.b.c.s. Lie superalgebras under the group of automorphisms. We show that if I is an infinite set and J is a 
nonempty set, osp(2/ + l, 2 J) is isomorphic to osp(2/, 2 J) while their root systems with respect to their standard 
Cartan subalgebras are not isomorphic. This in particular means that these two standard Cartan subalgebras 
are not conjugate. We then prove that these are the only representatives for the conjugacy classes of Cartan 
subalgebras of osp(2 1 + 1,2 J) ~ osp(2/, 2J). We finally show that if £ is a locally finite basic classical simple 
Lie superalgebra which is not isomorphic to osp(2J + 1,2J) ~ osp(2J, 2J) (/ an infinite set and J a nonempty 
set), then all Cartan subalgebras of £ are conjugate under the automorphism group of £. 
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1. Extended Affine Lie Superalgebras And Their Root Systems 

Throughout this work, F is a field of characteristic zero. Unless otherwise mentioned, all vector spaces are 
considered over F. We denote the dual space of a vector space V by V*. We denote the degree of a homogenous 
element v of a superspace by |u| and make a convention that if in an expression, we use |it| for an element u 
of a superspace, by default we have assumed u is homogeneous. We denote the group of automorphisms of an 
abelian group A or a Lie superalgebra A by Aut(A) and for a subset S of an abelian group A, by (S), we mean 
the subgroup generated by S. For a set S , by |5|, we mean the cardinal number of S. For a map / : A —► B 
and C C A, by / | c, we mean the restriction of / to C. For two symbols i,j, by S l7 . we mean the Kronecker 
delta. We also use (+J to indicate the disjoint union. We finally recall that the direct union is, by definition, the 
direct limit of a direct system whose morphisms are inclusion maps. 

In this section, we recall the notions of extended affine Lie superalgebras and extended affine root supersystems 
from m and gather the information we need through the paper regarding them. In the sequel, by a symmetric 
form on an additive abelian group A, we mean a map (•,■): Ax A —> F satisfying 

• (a, b) = (6, a) for all a, b £ A, 

• (a + b, c) = (a, c) + (6, c) and (a, b + c) = (a, b) + (a, c) for all a,i,c£ A. 

In this case, we set A° := {a £ A | (a, A) = {0}} and call it the radical of the form (•,•). The form is called 

nondegenerate if A 0 = {0}. We note that if the form is nondegenerate, A is torsion free and we can identify A as 
a subset of Q A. Throughout the paper, if an abelian group A is equipped with a nondegenerate symmetric 
form, we consider A as a subset of Q <g>z A without further explanation. Also if A is a vector space over F, 
bilinear forms are used in the usual sense. 

We call a triple (£,%, (•, •)) a super-toral triple if 

• C = Cq © C\ is a nonzero Lie superalgebra, 'H is a nonzero subalgebra of £g an d (•, •) is an invariant 
nondegenerate even supersymmetric bilinear form (■, •) on C, 

• C has a weight space decomposition C = © ae -H»£“ with respect to 71 via the adjoint representation. 

We note that in this case 7~L is abelian; also as C g as well as L\ are 'H-submodules of £, we have 

£ 0 = © aeW . (£g) a and L\ = ® ae «. (£i) Q with (£-) a := (~l £ a , i = 0,1, 

• the restriction of the form (•, •) on 7~L is nondegenerate. 

We call R := {a £ 7~L* | £“ / {0}}, the root system of C (with respect to H). Each element of R is called a 
root. We refer to elements of R 0 := {a £ 7~L* \ (£g)“ ^ {0}} (resp. I?i := {a £l~L* \ (£i)“ ^ {0}}) as even roots 
(resp. odd roots ). We note that R = RqU R±. 

Suppose that (£, 7~L, (•, •)) is a super-toral triple with corresponding root system R. Since the form is invariant 
and even, we have 


( 1 . 1 ) 


((£;)“: = {0}, a,P£R, ij £{0A}, i^j,a + p^0. 
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This in particular implies that for a £ R and i £ {0,1}, the form restricted to ( Cfi) a + (Cj)~ a is nondegenerate. 
Take p : R —> R* to be the function mapping h £ R to (h, •). Since the form is nondegenerate on R, the map 
p is one to one (and so onto if R is finite dimensional). So for each element a of the image R p of R under the 
map p, there is a unique t a C R representing a through the form (•, •). Now we can transfer the form on "H to a 
form on R p , denoted again by (•, •) and defined by 

(1.2) (a, P) := (t a ,tp) (a,ficR p ). 

Although R C R* = R p if % is finite dimensional, in general, by Lemma 3.1 of [15], a £ R is an element of R p 
if there are i £ {0,1}, x £ (Cj) a and y £ (Cf)~ a with 0 7 I [x,y\ £ R; moreover, if a £ R D R p , x £ C a and 
y £ C~ a with [a :,y] £ R, using the same lemma, we have 

(1.3) [x,y\ = (x,y)t a . 

Lemma 1.4. Suppose that C = £g ® C\ is a Lie superalgebra equipped with an invariant nondegenerate even 
supersymmetric bilinear form (•, ■) such that 

• Cq is a finite dimensional semisimple Lie algebra with the only simple ideals I\ and I 2 , 

• for Cartan subalgebras R\ and R 2 of simple Lie algebras I\ and I 2 respectively, ( C,R := R\ © 7 ^ 2 , (•, •)) 
is a super-toral triple with C° = R, 

• for each 0 ^ h £ R, there is S £ R\ with 5(h) ^ 0 and t$ ^R\\J R 2 , 

then C is a simple Lie superalgebra in the sense that it has no nontrivial ideal (non necessarily Z 2 - graded). 

Proof. Suppose that I is a nonzero ideal of C. Then by [Jj, Pro. 2.1.1], 

i = ffi o 6 fi (mr). 

Through the following steps, we prove that I = £. 

Step 1. / C\R y! {0} : Since I is nonzero, there is a £ R with C a fl I ^ {0}. If a = 0, there is nothing to 
prove. Suppose that a 0 and 0 7 ^ x £ C a fl I. Since the form is nondegenerate on C a © C~ a , there is y £ C~ a 
with (x, y) 7 ^ 0. So (11.31) implies that t a £ I HR and so / D R {0}. 

Step 2. I = C : Using Step 1, one finds 0 7 ! h £ I HR. We take 5 £ R\ to be such that 5(h) 7 ! 0 and 
tg R\ U R 2 - Since 5(h)x = [h, x) for all x £ C s , we have C s C I. Now since the form restricted to C 8 © C~ 8 is 
nondegenerate, there are x £ C Sl , y £ Cr 8x such that (x, y) 7 ! 0, so (11.31) implies that tg £ I. But / fl £g is an 
ideal of the semisimple Lie algebra Ii © I 2 and tg £ (I C\R)\ (R\ U R 2 ), so / D £g = h © I 2 = i n particular 
R C l. Now for each a £ R \ {0}, there is k £ R with a(k) 7 I 0. Therefore, for each x £ £“, a(k)x = [k, x] £ I 
and so C a C I. These altogether complete the proof. □ 

Definition 1.5. A super-toral triple (C = jCq © C\,R, (•, •)) (or C if there is no confusion), with root system 
R = Rq U f?i, is called an extended affine Lie superalgebra if 

• (1) for each a £ Ri\{ 0} (i £ {0,1}), there are x a £ (Cfi) a and X- a £ (A) - “ such that 0 7 ! [x a , x_ Q ] £ R, 
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• (2) for each a £ R with (a, a) ^ 0 and x £ C a , ad x : C —> £, mapping y £ £ to [x,y\, is a locally 
nilpotent linear transformation. 

By [T5] Cor. 3.9], the root system of an extended affine Lie superalgebra is an extended affine root supersystem 
in the following sense: 

Definition 1 . 6 . Suppose that A is a nontrivial additive abelian group, R is a subset of A and (•, •) : A x A —> F 
is a symmetric form. Set 

R° :=RnA°, 

R x := R \ R°, 

Rf e := { a £ R I (ck, a) ^ 0}, R re := R x e U {0}, 

R x s :={aeR\R°\ (a,a) = 0}, R ns := R x s U {0}. 

We say (A, (•, -),R) is an extended affine root supersystem if the following hold: 

(51) 0 £ R and (R) = A , 

(52) R = ~R, 

(53) for a £ Rf e and f3 £ R, 2(a, (3)/(a, a) £ Z, 

(root string property ) for a £ Rf e and /? £ R, there are nonnegative integers 
p, q with 2(/3, a)/(a, a) = p — q such that 

{(3 + ka | k £ Z} n R = {/3 — pa,... ,/3 + qa}; 
we call {/3 — pa,..., ft + qa} the a-string through j3, 

(55) for a £ R ns and ft £ R with (a, /3) 0, {/3 — a, ft + a} fl R 0. 

If there is no confusion, for the sake of simplicity, we say R is an extended affine root supersystem in A. Elements 
of R° are called isotropic roots, elements of R re are called real roots and elements of R ns are called nonsingular 
roots. A subset X of R x is called connected if each two elements a, ft £ X are connected in X in the sense that 
there is a chain a\,..., a n £ X with a\ = a, a n = ft and (a^, Oi+i) 0, i = 1,..., n — 1. An extended affine root 
supersystem R is called irreducible if R re {0} and R x is connected (equivalently, R x cannot be written as a 
disjoint union of two nonempty orthogonal subsets). An extended affine root supersystem (A, (•, •), R) is called 
a locally finite root supersystem if the form (•, •) is nondegenerate and it is called an affine reflection system if 
R ns = { 0 }; see ' 1 11 . 

Lemma 1.7. Suppose that A is a nontrivial additive abelian group, R is a subset of A and (•,•): A x A —>■ F 
is a nondegenerate symmetric form. If (A, (•, •), R) satisfies (51) and (53) — (55), then (52) is also satisfied. In 
particular, a subset S of a locally finite root supersystem R is a locally finite root supersystem in its T.-span if 

• the restriction of the form to (S) is nondegenerate, 

• 0 £ 5, 

• for a £ 5 n Rf e , /? £ 5 and 7 £ 5 fl R ns with ((3, 7 ) ^ 0, r a {f3) £ 5 and {7 — f3 ,7 + f3} fl 5 7 ^ 0. 

Proof. See [16] Lem. 1.4 & Rem. 1.6(h)]. □ 


Definition 1.8. Suppose that (A, (-, -),R) is a locally finite root supersystem. 
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• The subgroup W of Aut(A) generated by r a (a £ Rf e ) mapping a £ A to a — is called the Weyl 

group of R. 

• A subset S of R is called a sub-supersystem if the restriction of the form to ( S ) is nondegenerate, 0 £ S, 
for a £ S fl Rf e ,/3 £ S and 7 £ S f~l R ns with (/ 3 , 7 ) ^ 0, r a (/3) S S and {7 — /3 ,7 + /3} fl S ^ 0. 

• A sub-supersystem S of R is called closed if for a, (3 £ S with a + 0 £ R, we have a + /3 £ S. 

• If (A, (-, -),R) is irreducible, R is said to be of real type if span^i?^ = Q ( 8 >z A; otherwise, we say it is of 
imaginary type. 

• If {Ri | i £ 1} is a class of sub-supersystems of R which are mutually orthogonal with respect the form 
(•, •) and R \ {0} = 1 +)\ {0}), we say R is the direct sum of Ri s and write R = ©ie/l?*. 

• The locally finite root supersystem (A, (•, -),R) is called a locally finite root system if R ns = {0}; see j5j. 

• (A, (•,•), R) is said to be isomorphic to another locally finite root supersystem (B,(-,-)',S) if there is 
a group isomorphism ip : A —> B and a nonzero scalar r £ F such that g>(R) = S and ( 01 , 02 ) = 
r(<p(ai),ip(a 2 )Y for all ai,a 2 £ A. 

Lemma 1.9. (a) If {( Xi , (•, •)*, Si) \ i £ 1} is a class of locally finite root supersystems, then for X := ©jg/Xj 
and (•, •) := ©j e /(-, •)*, ( X , (•, •), S := U i^iSf) is a locally finite root supersystem. 

(b) Suppose that (A, (■,■), R) is a locally finite root supersystem with Weyl group W. Then we have the 
following: 

(i) Connectedness is an equivalence relation on R \ {0}. Also if S is a connected component of R \ {0}, then 
S U {0} is an irreducible sub-supersystem of R. Moreover, R is a direct sum of irreducible sub-supersystems. 

(ii) For A re := ( R re ) and (-,-) re := (•,•) \ AreXArs , (A re , (•, -) re , R re ) is a locally finite root system. 

(Hi) If R is irreducible and R ns ^ {0}, then R* s = TVS U — TVS for each 6 £ R* s . 

Proof. See [HI §3]. □ 


Lemma 1.10. Suppose that V is a vector space equipped with a symmetric bilinear form and R is a subset 
of V such that {{R),(-,-){r)x(r],R) is a locally finite root supersystem. If [a\,... ,a n } C R re is Q-linearly 
independent and 6 £ R ns \ spariQ{a \,..., a n }, then {ai ,..., a n } and {5, ai,..., a n } are F -linearly independent. 


Proof. We just show that {<5, ai,..., a n } is F-linearly independent; the other statement is similarly proved. Take 
{1 ,Xi | % £ 1} to be a basis for Q-vector space F. Suppose that r, n,..., r„ £ F and rS + L)j=i r j a j = 0- Suppose 
that for 1 < j < n, rj = Sj + Yliei s j Xi i s P s ) I * e — Q- We first show r = 0. To the contrary, assume 
r^0. Without loss of generality, we assume r = 1. So 0 = S + L)y=i r j a j = 8 + + Dig/ s ] x i) a j- Now 

for a £ Rre, we have 


2 (S, a ) 
(a, a) 


E 

1=1 


Sj- 


2 {aj,a) 


EE 

3 =1 i£l 

i 2 (aj,a) _ 


= 0 . 

J (a, a) 


This implies that for a £ R re and i £ J, s j {o'a) = ^ an< ^ so (Ey=i s } a j > a ) = 0. But it follows 

from Lemma [LOIA Um') that the form on spanQ^g is nondegenerate, so ]Cj=i s ) a j = 0 for all i £ I. Now as 
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{ay | 1 < j < n} is Q-linearly independent, we have 

s) =0 (i£ I,j £ {l,...,n}). 

Therefore, we get 0 = 5 + YAj=i r i a i = 5 + + J2ici s ) x i) a j = 5 + Y^j=i s j a j- Thus we have S = 

— J2j=i s j a j which is absurd. This shows that r = 0. Now repeating the above argument, one gets that s* = 0 
for all i £ I,j £ {1,..., n} and that 0 = Xo=i SjCXj. Thus we have Sj = 0 for all 1 < j < n. This implies that 
r i = s j + Yliei s j x i = 0 f° r all 1 < j < n and so we are done. □ 

Using Lemma 11.91 to know the classification of irreducible locally finite root supersystems, we first need to 
know the classification of locally finite root systems. Suppose that T is a nonempty index set with |T| > 2 and 
U := ©jgrZej is the free Z-module over the set T. Define the form 

(v):Wxti —IF 

(u+i) !-+ s itj , for i,j £ T 

and set 

At ■= {+ - ej | i,j £ T}, 

D t := A t U {±(ei + ej) | i,j £T, j}, 

(1.11) Bt '■= Dt U {±ei | i £T}, 

Ct ■= Dt U {±2 ei | i £ T}, 

BCt •= Bt U Ct- 

These are irreducible locally finite root systems in their Z-span’s. Moreover, each irreducible locally finite root 
system is either an irreducible finite root system or a locally finite root system isomorphic to one of these locally 
finite root systems. We refer to locally finite root systems listed in (11.111) as type A, D, B, C and BC respectively. 
We note that if R is an irreducible locally finite root system as above, then (a, a) £ N for all a £ R. This allows 
us to define 

R s h := {a £ R x \ (a, a) < (/3,/3); for all /? £ R}, 

Rex ■= R n 2 R sh and R [g := R x \ ( R sh U R ex ). 

The elements of R s h (resp. Ri g ,R ex ) are called short roots (resp. long roots, extra-long roots ) of R. We point 
out that following the usual notation in the literature, the locally finite root system of type A is denoted by A 
instead of A, as all locally finite root systems listed above are spanning sets for F (g>z U other than the one of 
type A which spans a subspace of codimension 1; see [S] and |161 Rem. 1.6(i)]. 

In the following two theorems, we give the classification of irreducible locally finite root supersystems. 


Theorem 1.12 ( |141 Thm. 4.28]). Suppose that T,T' are index sets of cardinal numbers greater than 1 with 
|T| ^ IT'I if T,T' are both finite. Fix a symbol a* and pick to £ T and po £ T'. Consider the free Z-module 
X := Za* © ©(gT^e* © © pe T'Z5 p and define the symmetric form 

X X X —IF 


(a*, a *) := 0, (a*, e to ) := 1, ( a *, S Po ) := 1 

(a*,e t ) :=0 ,(a*,5 q ) := 0 t £ T \ {t 0 }, q £ V \ { Po } 

(^t, 5p) .— 0, (et, e s ) .— (5p, S g ) .— ^p,q t, s £ T , p, q £ T . 
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Take R to be R re U R* s as in the following table: 


type 

Rre 

JDX 

** / ns 

A(0,T) 

{et — e s | t, s E T} 

±Wq* 

<7(0, T) 

(±(e t ±e s ) 1 t,s£T} 

±Wa* 

A{T, T') 

{tt - ts, Sp - 5 q \ t,s £T,p,q £ T'} 

±Wo* 


in which W is the subgroup of Aut(X) generated by the reflections r a (a £ R re \ {0}) mapping f3 £ X to 
/? — 2 2) a ) then (A := (R), (•, ■) | axA, R ) is an irreducible locally finite root supersystem of imaginary type and 
conversely, each irreducible locally finite root supersystem of imaginary type is isomorphic to one and only one 
of these root supersystems. 


Theorem 1.13 ( |14l Thm. 4.37]). Suppose (X\, (•, -)i, Si), ..., (X n , (•, •)„, S n ), for some n £ {2, 3}, are irre¬ 
ducible locally finite root systems. Set X := X± ® ■ • • © X n and (■, •) :=(■,-)i ©•••©(•, •)„ and consider the locally 
finite root system (X, (•,•), S := S i © • • • © S n ). Take W to be the Weyl group of S. For 1 < i < n, we identify Xi 
with a subset of Q <g>z Xi in the usual manner. If 1 < i < n and Si is a finite root system of rank l > 2, we take 
{to\, ■ ■ ■, C Q <g> z Xi to be a set of fundamental weights for Si and if Si is one of infinite locally finite root 
systems Bt,Ct, Dt or BCt as in ll.ll\) . by ui\, we mean ei, where 1 is a distinguished element ofT. Also if 
Si is one of the finite root systems {0, ±a} of type Ai or {0, ±a, ±2a} of type BCi, we set uj\ := ^a. Consider 
(5* and R := R re U R* s as in the following table: 


n 

Si (1 < i < n) 

Rre 

s* 

nil. 

type 

2 

Si = Af, S 2 = A t (£ e l- 1 ) 

Si © s 2 

+ uf 

±W<5* 

A(£,£) 

2 


Si © s 2 

+ v'l 

W<5* 

B(T, T') 

2 

Si = BC t , s 2 = BCt: (|T|, \T'\ > 2 ) 

Si © s 2 

ui} + Ul't 

W 8 * 

BC{T, T') 

2 

Si = BC t , S 2 = BC t , (|T| = 1, |T'| = 1) 

S 1 © s 2 

2 ui\ + 2uf 

W<5* 

BC(T, T') 

2 

Si = BC t , S 2 = BCt' (|T| = 1, |T'| > 2 ) 

Si © s 2 

2 u)i tij'i 

W<5* 

BC(T, T') 

2 

Si = D T , S 2 = Cti (|T| > 3, |T'| > 2) 

Si © s 2 

+ "f 

W 6 * 

D(T, T') 

2 

Si = C T , S 2 = C T , (\T\. \T'\ > 2 ) 

Si © s 2 

Ulf + wf 

W 8 * 

C(T, T') 

2 

Si = Ai, S 2 = BC t (|T| = 1) 

Si © s 2 

2uf + 2uf 

W 8 * 

B( 1, T) 

2 

Si = Ai, S 2 = BC t (|T| > 2 ) 

Si © s 2 

2 uj\ -|- LJ] 

W 8 * 

S(l, T) 

2 

Si = Ai, S 2 = C T (|T| > 2) 

Si © s 2 

ui\ + aj if 

W 8 * 

C(1,T) 

2 

Si = Ai, S 2 = S 3 

Si © s 2 

UJ UJ 0 

WS* 

AB{ 1, 3) 

2 

Si = Ai, S 2 = Dt (|T| > 3) 

Si © s 2 

«i + “f 

W 8 * 

-0(1, T) 

2 

Si = BCi, S 2 = B T (|T| > 2) 

Si © s 2 

-|- u)] 

WS* 

B(T, 1) 

2 

Si = BCi, S 2 = G 2 

S 1 © s 2 

2oj -| -|- LJ] 

WS* 

C(l, 2) 

3 

Si = Ai, S 2 = Ai, S 3 = Ai 

Si © S 2 © S 3 

+ w'l + w'l 

WS* 

0(2, 1, A) 

3 

Si = Ai, S 2 = Ai, S 3 := C T (|T| > 2) 

Si © S 2 © S 3 

UJl + uf + 

WS* 

0(2, T) 


For 1 < i < n, normalize the form on -W such that (S*,S*) = 0 and that for type D(2,T), (= 

(ujfujf) 2 - Then ((R), (•, •) | (R)x(R)yR) * s an irreducible locally finite root supersystem of real type and conversely, 
if ( X , (•, -),R) is an irreducible locally finite root supersystem of real type, it is either an irreducible locally finite 
root system or isomorphic to one and only one of the locally finite root supersystems listed in the above table. 


Remark 1.14. (i) We make a convention that from now on, for the types listed in column “type” of Theorems 
11.121 and 11.131 we may use a finite index set T and its cardinal number in place of each other, e.g., if T is a 
nonempty finite set of cardinal number I, instead of type B(1,T), we may write B(l,£). We also mention that 
as we will see in Example 12.361 there is an extended affine Lie superalgebra with nonzero odd part whose root 
system is isomorphic to the locally finite root system of type BCt- In order to distinguish the root system of 
that Lie superalgebra from the locally finite root system of type BCt , we denote it by B(0,T); more precisely, 
the underlying vector space of the locally finite root supersystem of type B( 0, T) is the same as the one of BCt 
and the corresponding symmetric form is the opposite of the defined form for type BCt- 
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(iii) Suppose R is of type X = C(T, T') or BC(T, T') with \T'\ > 1. In what follows we collect some information 
regarding R which we will use in Lemma 12.161 Keep the same notation as in Theorem 11,131 and fix p, q £ T' 
with p ^ q and i £ T {i := 0 if |T| = 1). If |T| = 1, set 


e := 


ie 0 HX = C{T,T') 


if X = BC(T, T'). 


Then for 7 := 5 P + 6 q , 


we have (0i + 02,7) 


( Ci T Sp 
X e + S 


— 0 , ( 9 \ — 62,61 


if \T\ > 1 
if jr| = 1 

- 0 2 ) = 2(01 


and 6 2 ■= 

- 62 ,If), (0i 


e; - S p if \T\ > 1 
e - S p if |T| = 1, 

02,7) = (7,7), (7,^1), (7,^2) ¥= 0 and the 


following elements are not roots: 


2(01-02)-7 

c- 

CO 

1 

(M 

1 

CM 

01 - 02 - 3 7 

2(01 - 02 - 7) 

201 - 0 2 -7 

0i - 20 2 - 7 

201 - 02 - 27 

01 - 202 - 2 7 

201 - 02 - 37 

01 - 202 - 3' 

20i +02-7 

01 + 202 +7 

01—02+7 

01+02+7 

01+02-7 

to 

to 

1 

to 

202 + 27 

to 

1 

to 

0! -27 

02 + 27 

201 + 02 

201 - 02 

01 + 202 

01 - 202 

20i-7 

202 + 7 

0i+7 

02-7 

201 

20 2 . 


Lemma 1.15 ( [161 Lem. 2.3]). Suppose that R is an irreducible locally finite root supersystem of type X in an 
abelian group A. Then we have the following: 

(i) A is a free abelian group and R contains a IL-basis for A. 

(ii) If X ^ A(£,£), R contains a 'L-basis II for A satisfying the partial sum property in the sense that for each 
a £ R x , there are a\,..., a n £ II (not necessarily distinct) and 77 ,..., r n £ {±1} with a = riai + • • • + r n a n 
and r\OL\ + • • ■ + ryaj £ R x , for all 1 < t < n. 


Definition 1.16. A subset II of a locally finite root supersystem R is called an integral base for R if II is a 
Z-basis for A. An integral base II of R is called a base for R if it satisfies the partial sum property. 

Lemma 1.17 ( |T6'[ Lem. 2.4(m)]). If R is an infinite irreducible locally finite root supersystem, then there is a 
base II for R and a class {I ? 7 | 7 £ T} of finite irreducible closed sub-supersystems of R of the same type as R 
such that R is the direct union of i ? 7 ’s and for each 7 £ T, II n I ? 7 is a base for i? 7 . 

Lemma 1.18 ([TSJ Pro. l.ll(w)]). Suppose that (A, (■,■), R) is an extended affine root supersystem. Consider 
the canonical map ~ : A —> A/A° and denote the induced form on A := A/A° by (•, •). Then (A, (•, -),R) is a 
locally finite root supersystem. Moreover, if R is irreducible, so is R. 


Definition 1.19. Suppose that (A, R) is an irreducible extended affine root supersystem. We define the 
type of R to be the type of R. 


2. Locally Finite Basic Classical Lie Superalgebras 

Throughout this section, we assume the field F is algebraically closed. Let us summarize some well-known 
facts regarding finite dimensional basic classical simple Lie superalgebras (f.d.b.c.s Lie superalgebras for short) 






10 


LOCALLY FINITE BASIC CLASSICAL SIMPLE LIE SUPERALGEBRAS 


which we shall use in the sequel. For an irreducible locally finite root supersystem R of type X , set 

( {a G R re \2agR}U {0} if X ^ BC(T , T') 

°R:= ^ 

{ Rre \ {R 2 re )sh if X = BC{T, T') and R re = Rl e © R 2 re 

and 

1 R:=R\°R. 

If (£,77, (•, •)) is an extended affine Lie superalgebra with £° = 77 such that its corresponding root system R 
is an irreducible locally finite root supersystem, we have Ro = °R and R\ = 1 R; see (ED). EH). Proposition 
12.51 and Lemma [2.171 Finite dimensional basic classical simple Lie superalgebras are examples of such extended 
affine Lie superalgebras. A Cartan subalgebra of the even part of a f.d.b.c.s Lie superalgebra £ is called a Cartan 
subalgebra of £. It is known that Cartan subalgebras of £ are conjugate under the group of automorphisms of 
£; see [9j (3.1.2)] and El Cor. 16.4]. This together with the classification of f.d.b.c.s Lie superalgebras implies 
that the corresponding root system of a f.d.b.c.s Lie superalgebra with respect to an arbitrary Cartan subalgebra 
cannot be a finite root supersystem of types BC( 1,1), C(m,n) or BC[rn,n) with n > 1. Although, there exists 
no f.d.b.c.s. Lie superalgebra with root system T := C( 1, 2), the root system R of either of osp(3,4) or osp(5, 2) 
satisfies Rq = T 0 . One also knows that weight spaces of a f.d.b.c.s Lie superalgebra corresponding to nonzero 
roots are one dimensional other than the ones corresponding to nonzero odd roots of a f.d.b.c.s Lie superalgebra 
of type A( 1,1) which are of dimension 2. Moreover, for a f.d.b.c.s Lie superalgebra of type A(l, 1), there are 
nonorthogonal nonsingular roots <5i, 82 such that both <5i + 82 and <5i — 82 are again roots. This is a phenomena 
which occurs just for type A( 1,1) among all f.d.b.c.s. Lie superalgebras. We finally recall that the root system 
of osp(3, 2) has the same even roots as A(l, 1) and that it contains nonzero real odd roots while all nonzero odd 
roots of A(l, 1) are nonsingular. 

In this section, we study simple extended affine Lie superalgebras (£, (•, -),77) with £° = 77. We show that 
the root system R of such a Lie superalgebra £ is an irreducible locally finite root supersystem. We show that 
R contains a pair (<5i, ^2) of nonorthogonal nonsingular roots with <5i + 82 , <5i — 82 G R if and only if R is of type 
A(l, 1); in this case, the root spaces corresponding to nonzero nonsingular roots are 2 dimensional while in all 
other cases the root spaces corresponding to nonzero roots are 1 dimensional. We also prove that the derived 
subalgebra of the even part of the Lie superalgebra £ is a semisimple Lie algebra and that £j is a completely 
reducible £g-module with at most two irreducible constituents. We next conclude that £ is a direct union of 
finite dimensional basic classical simple Lie subsuperalgebras. 

From now on till the end of this section, we assume (£, 77, (•, •)) is an extended affine Lie superalgebra with 
corresponding root system R with R x 0. By H3 Pro. 3.10] 

(2.1) Ro n R ns = {0}. 

Also for a £ Ri (i = 0,1) with (a, a) ^ 0, by [15] Lem. 3.6], there are e a G (£^)“ and f a G (£;)““ such that 
(fiaifcnha := ) is an sl2-super-triple in the sense that 

[i-a; f a ] — 71^, [ h a , e a ] — 2e a , [ h a , f a ] — 2 f a . 


( 2 . 2 ) 
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Moreover, the subsuperalgebra G(a) of Q generated by {e a , f a , h a } is either isomorphic to sh or to osp(l, 2) ~ 
spo(2,1); see HU §2]. Now for a G Rq\ {0} with (a, a) y^ 0, 


fcez 


(2.3) 9 a := exp(ad ect )exp(—ad/ Q )exp(ad ea ) 

is an automorphism of C. Also one can easily check that 9 a (h ) = h — a{h)h a for all h G R. Now let p G R and 
x G C 13 . Suppose that 9 a (x) = XUez x k i n which G C ,3+ka . So for each h G H, 

P(h) = P(h)9 a (x) = 9 a [h,x] 

= [6 a (h),9 a (x)) 

= [h — a(h)h a , Xk] 
fcez 

= y^(/3 + ka)(h — a(h)h a )xk 

fcez 

= y^(/3 (h) - a(h)P(h a ) - ka(h))x k . 


fee z 


This implies that if Xk y^ 0 for some k G Z, k = —P(h a ) = — 2 ^a) , he. 


9 a (C 13 ) C C r ^\ 


where r a (/3) := ft - j^ya- 


Lemma 2.4. Let a, (3 G R, then [C a , Cfi ] y^ {0} if at least one of the following conditions is satisfied: 

(i) a G R *g and ft G R with a + ft G R, 

(ii) a, (3 G R* s with a + P G R x . 


Proof. (i) Suppose that a G Ri (i G {0,1}). Fix an s^-super triple (y a ,y- a ,h a ), with y a G (A) a and U-a G 
(. Cj )~ a , corresponding to a. Take Q(a) to be the subsuperalgebra of C generated by {y a , y_ Q , h a }. Consider C 
as a C/(a)-submodule and set V := z C^ +ka which is a CJ(a)-submodule of C. For each k G Z and x G C^ +ka , 
take Vfc(x) to be the submodule of V generated by x. Then by the proof of Proposition 3.8 of [15], 14 (a;) is 
finite dimensional and so V is completely reducible as G(a) is a typical f.d.b.c.s Lie superalgebra. Moreover, 
the action of h a on V is diagonalizable with the set of eigenvalues { P(h a ) + 2k \ k G Z,£P +ka y^ {0}} and 
Vp(h a )+ 2 k = C ,3+ka for each k G Z. Now as p, a + P G R, we have P{h a ) and P(h a ) + 2 are eigenvalues for the 
action of h a on V. So considering ua Lem. 2.4] as well as the module theory of sfe, there is a finite dimensional 
irreducible submodule U of V such that P(h a ),P(h a ) + 2 are eigenvalues for the action of h a on U, therefore 
using the sfe-module theory together with HU Cor. 2.5], we have [y ai Up{h a )\ ^ {0}. But [y ai Up{h a )\ Q [C a ,C p ] 
and so we are done. 

(ii) Set 7 := a + p. Using Lemma [1.181 and [TBI Lem. 2.5], we have 7 G R* e and —7 + a = — P G R. Now part 
(i) implies that there are x G £ -7 , y G CP with 0 y^ [x, y\ G £~' 3 . Since the form on C ' 3 ® C ~ 13 is nondegenerate, 
there is z G C^ with 0 y^ ([x, y),z) = (x, [y, z ]) which implies that 0 y^ [y, z] G [£ Q , C&]. □ 

Proposition 2.5. If C° = H, then for a G R* e , dim(£ Q ) = 1. Also for a G R* e , a is an element of R 0 if and 
only if 2a qL R. 
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Proof. We first note that using 115} Pro. 3.10(m)], 

(2.6) R x n R 0 n i?i = 0. 

Suppose that a £ Rf e H Ri, for some i £ {0,1}. One knows that there is an s^-super triple (e, /, h ) in which 
e £ (Ci) a = C a and / £ (A) _a = £ -a ; see (12.61) . Take G(ct) to be the subsuperalgebra of C generated by 
{e, /, h} and set M := C~ 2a © C~ a © F t a © C a © C 2a . Then by (11.31) and the fact that the only scalar multiples 
of a which can be roots are 0, ±2a, ±a, ±(l/2)a, we get that M is a £(a)-submodule of C. Now using the same 
argument as in part (*) of Lemma l2.41 we get that M is completely reducible. Therefore, [lFl Lem. 2.4] together 
with the s ^-module theory implies that the number of irreducible constituents in the decomposition of M into 
irreducible submodules is the dimension of the 0-eigenspace. This means that M is a finite dimensional irreducible 
5(a)-module and so again using [T5] Lem. 2.4] together with the ^-module theory, we get dim(£ Q ) = 1. Now 
suppose a £ Ro, then by (12.61) . C ±a = (£g) ±a and so [£“,£“] = {0} = which in turn implies that 

£-« 0 © £“ is a C/(a)-submodule of M. But M is irreducible and so M = Cr a © Ff a © C a . This together 

with US Lem. 3.6] completes the proof. □ 

Lemma 2.7. Let £° = R. We have the following statements: 

(i) For a,(3 £ R with (a, (3) ^ 0, if a — (3 ^ R, then for nonzero elements x £ C a , y £ CJ 3 , we have [x , y\ ^ 0. 

(ii) Suppose ((R),(■,■), R) is a locally finite root supersystem. Assume S is a sub-supersystem of R and set 
Hs '■= R D ]CaeS x C~ a \- Take ir : R* —> R* s to be the function mapping a £ R* to a |^ s . Then for 
a, (3 £ (R) with a — (3 £ (S), ifn(a) = n(/3), we have a = (3; in particular n r restricted to ( S) is injective. 

Proof. (?) Contemplating (12. 61) . (12.11) and (11.11) . one finds i £ {0,1} with £“ = (£-)“, C~ a = ( Cf)~ a and 
= (Tj) 13 . Suppose that x £ C a ,y £ C& are nonzero elements. Using m together with the fact that the 
form on C a ffi C~ a is nondegenerate, we pick 2 £ £~ a with [a;, z] = t a - Since a — (3 £ R, we have [z, y] = 0. So 

0 + f3{t a )y = [t a ,y\ = [[x,z],y] = [x, [ z,y ]] - (-1) W [z, [x, y]} = -{-1 ) w [z, [x,y]]. 

This shows that [x, y] ^ 0 and so we are done. 

(ii) Suppose that a, (3 £ (R) and a — (8 £ (S). If a — f3 ^ 0, then since the form (•, •) restricted to (S) 
is nondegenerate, one finds 7 £ S with (a — (3, 7) ^ 0. This means that (a — /3)(t 7 ) ^ 0. But by (12.21) . 
try £ [£ 7 , £~ 7 ] C R s , so n(a) ^ ^((3). This completes the proof. □ 

Lemma 2.8. Suppose that £° = R. Assume 81,82 £ R n s with ( 81 , 82 ) 7^ 0 and a := 81 + 82,(8 := 8 ^ — 82 £ R. 
Consider and fix e £ £ a , f £ C a , x £ CJ 3 and y £ C 13 with [e, /] = t a and [x, y\ =tp. Then we have the 
following: 

(i) For nonzero elements a £ C Sl and b £ £~ Sl , we have 

[f,a], [/, [y,a]\, [x,b], [x, [e,b]} ± 0 and (a, [/, [y,a]]) = (b , [x, [e,b]}) = 0. 

(ii) For a,c £ C &1 ,b,d £ C~ Sl with 
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• (a, d) = ( b , c) = 0 

• (c,d), ( a,b) ± 0 

• (a, [/, [y,c]]) = 0, 

the form on each of the following subspaces 

• X := Fa + Fc + F[e, [x, 6]] + F[e, [x, d]] + ¥b + ¥d + F[/, [ y , a]] + F[/, [ y , c]] 


• Y := F[/, a] + F[/, c] + F[x, b\ + F[x, d] + F[e, b] + F[e, d] + F[y, a] + F[y, c] 
is nondegenerate. 


Proof. ( i ) If £ := 2a £ R, then £ £ Rf e and we have 

2(<5 2 ,£) 4 (5 1 ,5 2 ) 


= 1/2 


(^0 8(61,62) 

which is a contradiction. So 2a (jL R. Similarly, 2/3 qL R. This together with Proposition 12.51 and ( 12 . 61 ) implies 
that 

a, /3 £ f?o 

and 


in particular, we have 
(2.9) 


dim £9 = dim £“ = dim £ g “ = dim £ “ = 1, 
dim£ g = dim CP = dim£g /3 = dim£~^ = 1; 


£ Q = Fe, £"“ = F/, CP = Fx, £“ /3 = ¥y. 


We next note that for i, j with {i,j} = {1, 2} and r, s £ {±1}, we have 

2 (6j, 2r5j + sdj) __ 2s(8j, 6j) _ . ^ ^ 

(2rdi + sdj, 2r<5j + sd,) 4rs(dj, <5j) 

This means that 

(2.10) 2 r 6 i+sSj^R-, {£,7} = {1,2} and r, s £ {±1}. 

Fix a £ £' Sl , b £ £~ <5l ) then by Lemma I2.7f z) and (12.101) . we have 

[/, a] p 0, [/, [y, a]] p 0, [x, 6] P 0, [x, [e, b ]] ± 0. 

Next set 

M := Ft a + Ffg © £“ © £““ © £ /3 © £ _/3 ©Fa © F[/, a] © ¥[y, a] © F[/, [y, a]] 
and to the contrary assume — ([/, a], [y, a]) = ([a, /], [y, a]) = (a, [/, [y, a]]) p 0. We recall that 
£° = n and ± 2a, ±2/3, ±26 1 , ±2d 2 ,±25! ± 82 , ±2d 2 ± 8 i<£R-, 

see (12.101) . [T6i Lem. 2.1(zz)] and Lemma Tl. 181 Therefore, (11.31) together with Proposition 12.51 implies that M is 
a subsuperalgebra of £ with 

M 0 = ¥t a + Ftp ©£“©£”“© CP © £ _/3 and Mi = Fa © F[/, a] © ¥[y, a] © F[/, [y, a]]. 
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Now as — ([/, a], [y, a]) = (a, [/, [y, a]]) ^ 0, the form restricted to M is nondegenerate and so using Lemma 
11.41 we get that M is a finite dimensional basic classical simple Lie superalgebra with Mq = sl 2 ®sl2- But all 
odd roots of M are nonsingular, so M is isomorphic to .4(1,1). This is a contradiction as dim(M) = 10 while 
dim( J 4(l, 1)) = 14. So (a, [/, [y, a]]) = 0. Similarly, we have (6, [x, [e, 6]]) = 0. 

(ii) Using the fact that the form is invariant and supersymmetric together with part (*), we have 
([e, [a:,&]], [/, [y,a]]) = ~(S 1 ,S 2 ) 2 (b,a), ([e, [x,d]], [/, [y,a]]) = -( 6 1 , 6 2 ) 2 (d,a), 


( 2 . 11 ) 


([e, [x,b]],[f, [y, c]]) 


~(Si, 6 2 ) 2 (b,c), ([e, [x,d\], [/, [y,c]]) 


-{ 6 1 ,S 2 ) 2 (d,c). 


and 


-(c, [/, [y, a]]) = (a, [/, [y, c]]) = (a, [/, [y, a]]) = (c, [/, [y, c]]) = 0. 


Now contemplate the fact that the form is supersymmetric and consider the matrix 


in which 


B := 


A 

0 


0 

-A 1 


( (a, b ) 


A := 


(c,b) ([e,[x,b]],b) 

(a, [/, [y,a]]) (c, [/, [y, a]]) ([e, [x, &]], [/, [y, a]]) ([e, [x, d]], [/, [y, a]]) 

(a, [/, [y,c]]) (c, [/, [y,c]}) ([e, [x,b]], [f, [y,c]]) (je, [x, djj, [/, [y, c]]) 

(c,d) ([ e,[x,b]\,d) 


\ (a,d) 


([e, [*,d]],6) 
(fe, [x, djj, [/, 
([e, [x,d]], [/, 
([e, [x,d\\,d) 


0 ([e, [x,d]],b) \ 

(S 1 ,S 2 ) 2 (a,b) 0 

0 ( 6 1 ,S 2 ) 2 {c,d ) 


( (a, b ) 0 

0 0 

0 0 

V 0 ( c > d ) -([e, [x,d]],b) 0 ) 

If no + r 2 c + r 3 [e, [x,b}\ + r 4 [e, [x,d]\ + r 5 b + r 6 [/, [y,a]] + r 7 [f, [ y, c]] 
form on X x X. Then since by (ED, we have 


rsd is an element of the radical of the 

(Fa + Fc + F[e, [x, 6]] + F[e, [x, d]],Fa + Fc + F[e, [x, 6]] + F[e, [a:, d]]) C ( C Sl , C Sl ) = {0} 


and 

(F6 + Fd + F[/, [y, a]] + F[/, [y, c}],¥b + Fd + F[/, [y, a]] + F[/, [y, c]]) C {C ~ s ', £~ 51 ) = {0}, 


(ri,..., rg) 4 (t indicates the transposition) is a solution for BX = 0. But 

det (B) = — (det A ) 2 = -(Ji,<S 2 ) 8 (a,6) 4 (c,d) 4 ^ 0, 

so BX = 0 has sole solution 0. This in particular implies that the from restricted to X x X is nondegenerate. 
Next suppose that 


P :=n [/, a] + r 2 [/, c] + r 3 [x, b] + r 4 [x, d] + r 5 [e, 6] + r 6 [e, d] + r 7 [y , a] + r 8 [y, c] 

^ ^ ✓ 


is an element of the radical of the form restricted to Y xY. Using ED, we have 

, v (ri[f,a\ +r 2 [f,c ] +r 3 [x 7 b] + r 4 [x, d\, F[e, b] +F[e,d] +F[y,a] +F[y,c]) = {0}, 

{r 5 [e,b\ +r 6 [e,d] +r 7 [y,a] + r 8 [y, c],F[/, a] +F[/,c] +F[a:,6] +F[a;,dj) = {0}. 


But by the Jacobi superidentity, we have 


(2.13) 


[/, [e, [z,&]]] = (<5 i,<5 2 )[z,&] 
[e, [f, [y,a]]] = (<5i, S 2 )[y, a] 
[/, [e, £>]] = {Si,S 2 )b 
[e, [f,a]] = ( S 1 ,S 2 )a 


[/, [e, [x,d}]\ = (S l 7 5 2 )[x,d\ 
[e, [/, [y,c]]] = (<5i,<5 2 )[y,c] 
[/, [e,d]] = {Si,S 2 )d 
[e, [/,«]] = (<5i ,S 2 )c. 


Now as the form is invariant, (12.121) and (12.131) implies that 


(ria + r 2 c+ (Si,S 2 ) 1 (r 3 [e, [*,6]] + r 4 [e, [a;, d]]),Ffc + Fd + F[/, [y,a]] +F[/, [y,c]]) = {0}, 
(■ r 5 b + r 6 d+ (Si,S 2 )~ 1 (r 7 [f, [ y,a ]] + r s [f, [y, c]]), Fa + Fc + F[e, [a:, 6]] +F[e, [*,d]]) = {0}. 
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This together with CCD implies that 

m' := r\a + r 2 c + r 3 (Si, S 2 )~ 1 [e, [x, 6]] + r 4 (di, <5 2 ) _1 [e, [x, d)] and 
n' := r 5 b + r 6 d + r 7 (<5i, 6 2 ) _1 [/, [y,a]] + r s (<5i, <5 2 ) —1 [/, [y,c]] 

are elements of the radical of the form on X x X. Therefore, m! = n! = 0 and so m = [/, m'] = 0 and 

n = [e, n'] = 0. Thus P = 0. This completes the proof. □ 

Proposition 2.14. Suppose that C° = TL. Then for 5 £ R* s , dim(£ d ) = 1 if there is rj £ R ns with 5 — p £ R 
and (<5,7/) ^ 0; otherwise, dim(£‘ 5 ) = 2. In particular, if R is an irreducible locally finite root supersystem of 
imaginary type, dim(£ l5 ) = 1 for S £ R^s- 


Proof. Suppose that 6 £ R* s . If there is p £ R ns with (5, rf) ^ 0 and S — r/ qL R, then S + p £ R* e and so we have 
dim(£ <5+1? ) = 1 by Proposition 12.51 Use (11.51) to fix x £ C v and y £ C~ v with [x,y\ = t v and consider the map 
<p : —> C 5+r > mapping a £ C s to [x, a\. Then by Lemma l2.71 U. the map ip is an injective linear map from C s 
into a one dimensional vector space and so it is onto, in particular, dim(£ d ) = dim(X' 5+I? ) = 1. 

Now suppose for each nonsingular root 77 £ R ns , either (S, r/) = 0 or S — 17 £ R. Then using [IBl Lem. 1.3(n)], 
there is rj £ R ns with 5 + rj,S — r/ £ R* e . Set 

<5i ;= <5, S 2 := T] £ Rf ls and a := (5 4 + <5 2 , /3 - = <$1 — S 2 £ Rf e . 

As in the proof of Lemma 12.81 we have 


(2.15) 


Oi, /? £ Rq. 


Since the form is nondegenerate on C Sl ® C 51 , we pick a £ C &1 and b £ JZ Sl with (a, b) 7^ 0. Next considering 

O}, we fix e £ C a , f £ Cr a , x £ C 13 and y £ with [e, /] = t a and [x, y\ = tp and set 

ai := a £ C 5 \ a 2 := [/, a] £ C ~ 62 , a 3 := [y, a] £ Cf 2 , a 4 := [/, [y, a]] £ C ~ Sl , 

bi := b £ C~ Sl b 2 := [e,b\ £ C &2 , 63 := [x,b\ £ C~ S2 , b 4 := [e, [x, b]} £ C &1 . 

Then using m Lem. 2.1 (m)], (12.151) . (12.101) . (12.11) and & one can see that M := Mq © M 4 with 


Mq := Ft Q + Ftp + Fe + F/ + Fx + Fy and Mi := ^* =1 (Faj+F&*) 


is a finite dimensional subsuperalgebra of C. It follows from Lemma [2.81 U and (12.111) that the form restricted 
to M is nondegenerate and so by Lemma Tl.41 M is a finite dimensional basic classical simple Lie superalgebra 
with Mq ~ sl 2 ©sl 2 . So M is a finite dimensional basic classical simple Lie superalgebra isomorphic to A( 1,1) 
as all odd roots are nonsingular. Therefore, its root spaces corresponding to nonzero nonsingular roots are 
2-dimensional. This in particular implies that ai and t» 4 are linearly independent and so dim(C Sl ) > 2. Now 
to the contrary assume c £ JZ Sl is linearly independent from {ai,6 4 }. Since the form is supersymmetric and 
invariant, we have (a, [/, [y, c]]) = —(c, [/, [j/,a]]). Now contemplating (12.111) and Lemma [2T8T . we set 


( a,b ) 

(c, 6) 

([e, [x,b]],b) 

(a, [/, {y,a}]) 

(c, [/, [y,a ]]) 

([e, {x,b}\, [/, [y,a]]) 

(«. [/> Es/>c]]) 

(c, [/, [y,c]]) 

([e, [*,&]], [/> [Vi c ]]) 

(a,fc) 

(c, 6) 

0 

0 

(c, [/, [y,a]]) 

([e, [x,6]], [/, [3/, a]]) 

(«. [/. [y.c]]) 

0 

([e, [x, &]],[/, [y,c]]) 

(a, 6) 

(c, 6) 

0 \ 

0 

-(a,[f,[y,c}\) 

(<5i,<5 2 ) 2 (a,&) . 

( a > [/> [y>c]]) 

0 

(<5i,<5 2 ) 2 (c,&) ) 


A := 
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Since det(A) = 0, the system AX = 0 has a nonzero solution ( r,s,kY ( t indicates the transposition). Setting 
d := ra + sc+ k[e, [x, 6]], we have c' ^ 0 as {a, c, [e, [x, 6]]} is linearly independent. Also since A(r, s, k ) 1 = 0, 

(d,b) = (d,[f, [y,a]]) = (d,[f, [y, c]]) = 0. 

Suppose that s = 0, then A{r, s, kf = 0 implies that r{a,b) = fc((5i, <5 2 ) 2 (a, 6) = 0. So we have r = s = k = 0 

which is absurd. Thus s / 0. This implies that {a,d, [e, [x, &]]} is linearly independent. Next considering the 

fact that the form is nondegenerate on C Sl © C~ Sl , one finds d £ C~ Sl with (d, d) Y 0. If (a, d) = 0, take a' := a, 
otherwise set a' := — ^’fjj a + d , then [a! ,<£) = 0 and —( a ', [/, [y, c']]) = (d, [/, [y,a'}]) = 0. Now using Lemma 
I2.8l i»l. it is not hard to see that the form is nondegenerate on K x K where K := Kq © Kj with 

Kq := F t a + Ftp + £ a + C~ a + C P + 

and 

K\ := Fa' + ¥d + F[e, [x, b ]] + F[e, [x, d}\ + ¥b + ¥d + F[/, [y, a'}} + ¥[f, [y, d]] 

+ ¥[f, a'} + ¥[f, d] + F[x, 6] + F[x, d] + ¥[e, b\ + ¥[e, d] + F[y, a'] + F[y, d\. 

So by Lemma ITT! AT is a finite dimensional basic classical simple Lie superalgebra with Kq ~ sl 2 ffisfe. Since all 

odd roots are nonsingular, we get that K is of type A{ 1,1) which is absurd due to its dimension. This completes 

the proof of the first assertion. Now suppose R is an irreducible locally finite root supersystem of imaginary type 

and 5 € R£ a , then by ns Lem. 1.3 (m)], there is y £ R ns with ( 8 , if) Y 0; on the other hand, we know from the 

classification theorem for imaginary types that there are no two nonorthogonal nonsingular roots whose both 

summation and subtraction are again roots. So there is s £ {±1} with 5 + sy £ R and 8 — sy Y R- Now the 

result follows from the first assertion. □ 

Lemma 2.16. Suppose that C° = R. If R is an irreducible extended affine root supersystem of type X 
A( 1,1), BC( 1,1), then for 81,82 £ Rns with (<5i, 82 ) Y 0, there is a unique r £ {±1} with <5i + £ R. 

Proof. Suppose that 81,82 £ Rns with (<b, 82 ) Y 0. Since R is an extended affine root supersystem, there is at 
least one r £ {±1} with <$1 + rS 2 £ R. Now to the contrary, we assume a := Si + 82,(8 \= 8 \ ~ 82 £ R and 
get a contradiction. Since X Y A(l,\), BC{\,\) and there are two non-orthogonal nonsingular roots whose 
summation and subtraction are again roots, using Lemma 11.181 together with Theorems 11.121 and 11.131 we get 
that R is of one of the types C( 1, T) or C(T, T'), BC(T, T') with \T’\ > 1. Considering Lemma fl. 1 81 and Theorem 
11.131 together with Remark n.l4l iiil. there is 7 £ R re such that (a, 7) = 0, (7,5i), (7, 82 ) Y 0, {/3,/3) = 2(/3,7), 
= 2 and that the following elements are not elements of R : 


2(Si - 82) - 7 

2 (< 5 i - 5 2 ) - 3 7 

81- 8 2 - 37 

2 (< 5 i -82- 7) 

28 i — < 5 2 — 7 

< 5 i — 2 < 5 2 — 7 

28 ! - 82 - 2 7 

<Si - 2 82 - 27 

26 i -82- 37 

< 5 i - 28 2 - 3 ' 

2Si + 8 2 - 7 

8\ + 282 + 7 

61 - 82 +7 

61 + 82 + 7 

61 + 82 - 7 

2 < 5 2 - 2 7 

2 82 + 27 

28 ! - 27 

< 5 i - 27 

82 + 27 

28 i + 82 

2 < 5 i — 82 

<$1 + 28 2 

< 5 i — 282 

28 i - 7 

282 + 7 

Si+'y 

82- 7 

28 ! 

2<5 2 . 


Since (7, Si), (7, 82) Y 0 and 7 + < 5 i ^ R, 7 — 82 R, we have 77 := — 7 , C := ~7 — 82 £ R- We next note that 

= 2 and that /? + 7 0 R, so we have using the root string property that j 3 — 7, (8 — 2 y £ Rf e . In particular, 
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we have 


v, C e Rn S and v + C = P - 2 7, v - C = & e R. 

Fix e £ £ a , f £ £~ a , x £ £@, y £ £~^ , to £ £ 7 and n £ £~ 7 with [e, /] = t a , [x,y] = tp and [m,n] = t 1 . 
Since the form on £ Sl ® £~ Sl is nondegenerate, one can find a £ £ Sl and b £ £~ Sl with (a, b) ^ 0. Take a,, bi, 
1 < i < 8, to be as in the following table: 


ai 

a £ £ dl 

bi 

b £ C~ dl 

a 2 

[f, a ] £ £~° 2 

b 2 

[e, b] £ £° 2 

03 

[y, a] £ £ d2 

b3 

[x, b\ £ £~ 62 

a4 

[/, [y,a\] £ £~ dl 

bi 

[e, [x,b]] £ £ dl 

a 5 

[n , a] £ £ v 

^5 

[to, b] £ £~ v 

a 6 

[n, [/, a]] £ & 

h 

[to, [e, b]\ £ £-*> 

a 7 

[m, [2/, a]] £ 

67 

[n, [x, 6]] £ fr 

Os 

K [f, [y,a ]]] £ £~ v 

^8 

[n, [e, [x, 6]]] £ £ v 


and note that for 1 < * < 8, (a,i,bi) 0 as the form is invariant as well as supersymmetric and (a, b) ^ 0. This 
in turn implies that [a*, bi] ^ 0 by (11.31) . 

Next we note that if tp = kt y , then 2(/3, 7) = {(3,(3) = fc(/3, 7) = k{ 7,7) = (/3, 7) which is a contradiction. 
Also if t a £ span F {t/3, f 7 }, one concludes (t a ,t a ) = 0 which is absurd, so {t a ,tp,tj} is a linearly independent 
subset of H. Now set 


AT :— -f- lFt /3 T !Ff 7 T ^tp—ry Wtp— 27 — !Ft a ® IF tp ® !Ft 7 


and 


M = Mq ® M\ 

with 

Mo := A ©ffi6» e {±a,±/3,±7,±(^-7),±(^-2 7 )}-C e - Mi := +¥bi). 

We claim that M is a subsuperalgebra of £. To prove our claim, we need to know the multiplication table of 
the elements of a basis of M. Since [£\, £j] C £g, we first show that for z,z' £ {a,i,bi | 1 < i < 8}, [z,z'\ is an 
element of Mq. In the following tables, we denote the weight \z,z'} for all z,z' £ {0,; + | 1 < i < 8}; in fact 
the (r, s)-th entry of each table denotes the summation of the weights of r-th entry of the first column and s-th 


entry of the first row; the red parts denote the elements which are not roots. 



a l 

«2 

a 3 

<24 

a 5 

a 6 

a 7 


a l 

2Si 

P 

a: 

«i -<*i 

2ii - 7 

<5i — 6 2 — 7 

<5l + <^2 + 7 

7 


p 

—2^2 

$2 ~ $2 

— a; 

<5i — 62 — 7 

—2(52 — 7 

7 

—5i —62+7 

a 3 

a 

S2 — $2 

2S2 

-p 

5i + <52 — 7 

-7 

2<5 2 +7 

<52 — <5i + 7 

<24 

<5l -<5l 

— a 

-p 

-2<5i 

-7 

— <5i — 5 2 — 7 

— 6l +62+7 

— 26i + 7 

a 5 

2S, - 7 

5i — 62 — 7 

<5i + $2 ~ 7 

-7 

2<5i - 27 

<5i — 62 — 27 

a 

V ~ r) 

a 6 

<5l - 6 2 — 7 

-2S 2 - 7 

-7 

—<5i — 62 — 7 

<5i — <52 — 27 

-2<5 2 - 27 

c-c 

— OL 

a 7 

<5l + ^2 + 7 

7 

2^2 + 7 

— + <52 + 7 

a 

< - c 

2<S 2 + 27 

— 6l +52 + 27 

a 8 

7 

—< 5 i — £2 + 7 

^2 — < 5 i + 7 

- 2 < 5 i +7 

rj - rj 

— Of 

— 5 i +62 + 27 

27 - 26 i 

b. 

«i -«i 

— a: 

-p 

— 2 < 5 i 

-7 

£- 

1 

1 

'O 

1 

— 5 i +62+7 

— 2 < 5 i + 7 

b 2 

OL 

S2 — <5 2 

262 

-p 

5 i + <52 — 7 

-7 

262 + 7 

<52 — < 5 i + 7 

b 3 

p 

—262 

62 — <52 

— OL 

< 5 i — 5 2 — 7 

— 2(52 — 7 

7 

— 5 i —62+7 

b 4 

2 < 5 1 

p 

cl 

«i -<*i 

2il - 7 

51 — 62—7 

<^1 + <$2 + 7 

7 

b 5 

7 

— 5 i — <52 + 7 

$2 ~ < 5 l + 7 

— 25\ +7 

77-77 

— O' 

— 5 i +62 + 27 

27 - 25 i 

b 6 

< 5 l + ^2 + 7 

7 

2^2 + 7 

— 5 i + 82 + 7 

a: 

c-c 

2S 2 + 2 7 

-«! + « 2 + 2 7 

67 

< 5 i - 6 2 - 7 

— 2 < 5 2 - 7 

-7 

—< 5 i — 62 — 7 

< 5 i — ^2 — 27 

- 25 2 - 27 

C-C 

— OL 

b 8 

26 4 - 7 

5 i — 62 — 7 

5 i + (52 — 7 

-7 

25 i - 27 

< 5 i — 62 — 27 

a 

V -1 



bl 

b 2 

b 3 

bi 

b 5 

b 6 

67 

b 8 

bl 

- 25 i 

-P 

— OL 

Si - Si 

— 26 i + 7 

— 5 i +62+7 

- 5 l - S 2 - 7 

-7 

b 2 

-p 

282 

62 — 62 

a 

<52 — < 5 i + 7 

262 + 7 

-7 

< 5 i+ 62—7 

b 3 

— OL 

6 2 — <^2 

— 262 

p 

— 5 i —62+7 

7 

— 2 < 5 2 - 7 

07 

1 

O 

to 

1 

64 

Si - Si 

a 

P 

26 i 

7 

<^1 + ^2 + 7 

61-62-7 

26 i - 7 

6s 

— 25 i + 7 

<52 — ^1 + 7 

— 5 i —62+7 

7 

27 - 25 i 

— 5 i +62+27 

— o: 

77-77 

b 6 

— < 5 l + ^2 + 7 

2 < 5 2 +7 

7 

<$1 + ^2 + 7 

—61 +62+27 

25 2 + 2 7 

c-c 

OL 

67 

— 5i — 62 — 7 

-7 

- 2 < 5 2 - 7 

< 5 i - 62 - 7 

— a. 

C-C 

— 25 2 - 27 

6l — 62 — 27 

b 8 

-7 

< 5 i + 62 — 7 

<51—62—7 

26 i - 7 

77-77 

a: 

5 i — 62 — 27 

26 i - 27 
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Using these two tables together with (11.31) . we get that [Mj, M{\ C Mq. Now we want to show that [Mq, Mj] C 
Mj. Considering Lemmas I2.8U L \27\ i) and Proposition 12.51 we have 

£/3- 7 = = F[a 2 , a 5 ] = F[6 3 , b 8 ] = F[ai, a 6 ] = F[6 4 , h], 

c -p +1 = c -s 1+ 5 2+1 = ag] = ¥ [ b2:b5 ] = F[6!,6 6 ] = F[a 4) a 7 ]. 

Also contemplating Lemma 12.41 as well as Proposition 12.51 and setting 


u:=[a 2 ,a 5 ], u:=[a 3 ,a 8 ], z:=[m,v], w:=[n,u], 


we get that 


£ 2 7 —/3 = c 2j-8 1+ 6 2 = and /: / 3 - 2 7 = £ - 2 7 + 5 1 - 5 2 =Fw 


as (<$ 2 , rj), (£, Si) ^ 0 and tj + 62,81 — ( & R- We consider the following tables; as before, the (r, s)-th entry of 
the following tables denotes the summation of the weights of r-th entry of the first column and s-th entry of the 
first row and the red parts denote the elements which are not roots. 



e 

f 

X 

y 

m 

n 

0-1 

25 i + 82 

—8 2 

28 \ — 82 

S 2 

s 1+7 

s 1-7 


Si 

—8 1 — 262 

6 l — 282 

-Sl 

7 ~ S 2 

— S 2 - 7 

a 3 

d'l + 2 < 5 2 

-81 

$1 

282 — 8\ 

7 + S 2 

— y + s 2 

a 4 

^2 

— 28 \ — 82 

— 8 2 

82 — 25 i 

7 - Sl 

-Sl - 7 

a 5 

25 i + 82 — 7 

—7 - S 2 

28i —82—7 

s 2-7 

Sl 

Sl - 2 7 

a 6 

Sl - 7 

1 

0. 

1 

to 

| >. 

1 

6 l — 282 — 7 

-*1 - 7 

— 82 

— 82 ~ 27 

a 7 

61 + 262 + 7 

7 - < 5 i 

61+7 

7 — < 5 i + 2 < 5 2 

27 + 82 

^2 

a 8 

7 + ^2 

— 2 < 5 i —8 2+7 

— 82 + 7 

—28i + 82 + 7 

— < 5 i + 27 

-Si 

b l 


— 2^i — 82 

— 8 2 

82 — 2 < 5 i 

7 - Sl 

-Sl - 7 

b 2 

81 + 282 

-Sl 

Si 

262 — < 5 i 

7 + S 2 

—>- + s 2 

b 3 

Sl 

— 81 — 282 

61 — 282 

-Sl 

7 - S 2 

— S 2 - 7 

64 

28 i + 8 2 

—82 

28 i — 82 

S 2 

Sl + 7 

Sl - 7 

b 5 

7 + 82 

— 28 \ —82+7 

-S 2 + 7 

—28i + 82 + 7 

-Si + 2 7 

-Sl 

b 6 

< 5 i + 282 + 7 

7 - < 5 l 

< 5 i + 7 

7 — 61 + 282 

27 + 82 

<$2 

b 7 

— r + Si 

— 5i — 282 — 7 

—Y + 8 1 — 282 

-Sl - 7 

— S 2 

— 27 — 5 2 

b 8 

281 + 82 — 7 

— 7 ~ S 2 

28\ —82—7 

s 2-7 

Si 

Sl - 2 7 



u 

V 

Z 

W 

ai 

28i —82—7 

s 2 + 7 

82 + 2 7 

28 i — 82 — 27 

«2 

Si — 282 — 7 

-Si + 7 

-Sl +27 

Sl - 2 S 2 - 27 

a 3 

Sl - 7 

7 — 5 l + 25 2 

27 — + 262 

Si - 2 7 

04 

—S 2 - 7 

7 — 26 i + 82 

27 — 28 i + <$2 

-s 2 - 2 7 

a 5 

28 i —82—27 

S2 

<$ 2+7 

26 i — 82 — 37 

a 6 

Si — 282 — 27 

-Si 

7 - Si 

<$1 — 2 < 5 2 — 37 

a 7 

Sl 

—<Sl + 2 < 5 2 + 27 

— < 5 i + 282 + 37 

—7 + 61 

0-8 

—82 

2 Si + S 2 + 2 7 

— 28 i + 82 + 37 

—S 2 - 7 

b l 

— S 2 - 7 

7 — 28 i + 82 

27 — 2 < 5 i + 82 

—S 2 - 2 7 

b 2 

Sl - 7 

7 — 6l + 282 

-Sl + 2 S 2 + 27 

Sl - 27 

b 3 

5i — 2^2 — 7 

-Sl + 7 

— Si + 27 

Sl - 2S 2 - 27 

64 

25i —82—7 

S 2 + 7 

82 + 27 

26i — 62 — 27 

b 5 

— 82 

— 2Sj + S 2 + 2 7 

— 2<5i + 82 + 37 

— S 2 - 7 

b 6 

Sl 

— 8l + 2(5 2 + 27 

— <5l + 282 + 37 

—1 + Si 

b 7 

5i — 2<5 2 — 27 

-Sl 

7 - Sl 

<5l — 282 ~ 37 

b 8 

2<5i — 82 — 27 

S2 

82+7 

28 i —8 2—37 


Now one can easily check the following multiplication table: 



e 

f 

X 

y 

m 

n 

ai 

0 

— a 2 

0 

— a 3 

0 

— a 5 

02 

-(a.Si)ai 

0 

0 

— 0,4 

0 

— a-6 

a 3 

0 

— 04 

— (/3. Si)ai 

0 

— a 7 

0 

04 

— (62, cx)a3 

0 

-(/3. Si)a 2 

0 

— a 8 

0 

a 5 

0 

— a-6 

0 

0 

-(Sl, 7)01 

0 

a 6 

-(“,Si)a 5 

0 

0 

0 

(7, S 2 )a 2 

0 

a 7 

0 

— a 8 

0 

0 

0 

(S 2 , 7 )<13 

a 8 

— (5 2 , a)a 7 

0 

0 

0 

0 

-(Sl, 7 )“4 

&1 

~ b 2 

0 

~ b 3 

0 

-t-5 

0 

b 2 

0 

-(“. Si)6i 

-i>4 

0 

— b 6 

0 

b 3 

-64 

0 

0 

-(Sl, /3)bi 

0 

—b 7 

64 

0 

— (62, o:)b3 

0 

— (/3. S 2 )fa 2 

0 

~ b 8 

b 5 

— b 6 

0 

0 

0 

0 

-(7,S1J61 

b 6 

0 

-(“. Si)6 5 

0 

0 

0 

(s 2 , 7 )t>2 

b 7 

~ b 8 

0 

0 

0 

(S 2 , 7 )S >3 

0 

b 8 

0 

— (a, < 5 2 )&7 

0 

0 

-( 7 , Sl)t >4 

0 
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Take ri,..., rj, si,..., 56, k ±,..., G F \ {0} to be such that 


[a 8 , ai] = n m, [a 3 , ai] = r 2 e, [a 3 , a 2 ] = r 3 t Sa , 

[^5,(^4] S57I, [fig,tt5] S'jtrq , [0,7, ttg] 

[b 7 ,b 6 ] = Me, f = r 7 [6 2 ,& 5 ] u = r 6 [6i,6 6 ], 

Then we have 


[ai,w] = -[u,ai] = —[[a 3 ,a 8 ],ai] 


[a 2 ,v\ = - [v,a 2 \ = -si[[a4,a 7 ],a 2 ] 


[a 3 ,u] = -[u,a 3 ] = — [[a 2 ,a 5 ],a 3 ] 


[a 4 , u] = -[u,a 4 ] = —[[a 2 ,a 5 ],a 4 ] 


[a 5 ,w] = -[u,a 5 ] = — [[a 3 ,a 8 ],a 5 ] 


[a 6 ,v] = -[v,a 6 \ = -si[[a 4 ,a 7 ],a 6 ] 


v = si[a 4 , a 7 ], [a 7 ,a 2 ]=s 2 m, [a 4 ,a 2 ]=s 3 /, 

[62,63] = k 2 ts a , [6 8 ,65] = k 3 t v , [64,61] = k 1 ts 1 , 
u = r 4 [ai,a 6 ], u = r 5 [b 4 ,b 7 ], u = s 4 [6 3 ,b 8 ], 

= -[«3, [a8,ai]] - [a 8 , [a 3 ,ai]] 

= -[a 3 ,rim] - [a 8 ,r 2 e] 

= —ri[a 3 ,m] - r 2 [a 8 ,e] 

= na 7 + r 2 (a,S 2 )a 7 , 

= -Si[a 4 ,[a 7 ,a 2 ]]-Si[a 7 , [a 4 ,a 2 ]] 

= —Si[a 4 , s 2 m] — Si[a 7 , s 3 f] 

= si(s 2 + s 3 )a 8 , 

= -[« 2 , [a 5 ,a 3 ]] - [a 5 , [02, a 3 ]] 

= [[a 2 ,a 3 ],a 5 ] 

= r 3 (6 2 ,r])a 5 , 

= — [a 2 , [ a 5, 04 ]] — [ 05 , [a 2 , a 4 ]] 

= -s 5 [a 2 ,n] - s 3 [a 5 ,/] 

— (^5 T ^ 3)^6 

= -[a 3 , [as, a 5 ]] - [a 8 , [o 3 , a 5 ]] 

= s 7 (rj,d 2 )a 3 

= — Si[a 4 , [a 7 , ag]] — Si[a 7 , [a 4 , a 8 ]] 

^6^1(C,^i)a 4 


[a 5 ,z\ = -[z,a 5 \ = -[[m,v],a 5 ] 


-[m, [u,a 5 ]] + [u, [m,a 5 ]] 

s 7 (r],S 2 )[m,a 3 \ + ( 61,7 )[v,a 7 ] 

s 7 (r],S 2 )a 7 - ri(Si,j)a 7 - r 2 (a,S 2 )(Si,^)a 7 , 
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[o6 ,2] = ~[z,a 6 ] = -[[to, i>],a 6 ] = -[to, [v, a 6 ]] + [v, [to, a 6 ]] 

= -seSi(C) £i)[m,a 4 ] - (j,6 2 )[v,a 2 ] 

= (-S6Sl(C,^l) + Si(s 2 + S 3 )(^2,7)) a 8i 


[a 7 ,u] =-[w,a 7 ] =-r 4 [[ai,a 6 ],a 7 ] = -r 4 [ai, [a 6 , a 7 [] - r 4 [a 6 , [a 4 , a 7 [] 

= s 6 r 4 [t c ,ai] = s 6 r 4 (C,<5i)ai, 


[a 7 , w] = -[w,a 7 ] = -[[ra,u],a 7 ] 

= ~[n, [u,a 7 ]] + [u, [n, a 7 [] 

= (r 4 s 6 (C,6i) - r 3 (5 2 ,'y)(5 2 ,v))a5, 


[a 8 ,u] = -[w,a 8 ] = —[[a 2 ,a 5 ],a 8 ] = ~[a 2 , [a 5 ,a 8 ]] - [a 5 , [a 2 ,a 8 [] 

= s 7 [t v ,a 2 ] = -s 7 (r),6 2 )a 2 , 


[a 8 ,w;] =-[w,a 8 ] = -[[n,u],a 8 ] 

= [u,a 8 [] + [m, [n,a 8 [] 

= s 7 (? 7 ,( 5 2 )[n,a 2 ] + [u, (< 5 i, 7 )a 4 ] 

= (s 7 (r?,<5 2 ) - ( 5 i, 7 )(s 5 + s 3 ))a 6 , 


[ 6 i,u] = -[m, 6 i] = —r 5 [[ 6 4 ,& 7 ],&i] = -r 5 [ 6 4 , [fe 7 , &i]] - r 5 [ 6 7 , [ 6 4 , £>i[] 

= r 5 k\((, Si)b 7 , 


[b 2 ,u] = -[u, b 2 ) = -s 4 [[ 6 3 , 6 8 ], 6 2 ] = — s 4 [ 6 3 , [ 6 8 , fe 2 [] - s 4 [b 8 , [& 3 , h]] 

= S4(7i^2)A: 2 6 8 , 


[63, v] = ~[v,b 3 ] = — r 7 [[6 2 ,65], 63] 


r 7 [b 2 , [65, 63]] - r 7 [b 5 , [b 2 , 63 ]] 
r 7 k 2 (r],6 2 )b 5 , 
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[b A ,v] 


[h ,u] 


[h,w] = 


[b 6 ,u\ 


[b 6 ,w] 


[b 7 ,v\ 


[br, z] = 


-[v,b 4 ] = -r 6 [[ 6 i,& 6 ],& 4 ] 


-[u,b 5 ] = -S4[[&3,^8],&5] 


-[w,b 5 ] = -[[n,u], 6 5 ] = 


~[u,b 6 ] = -r 5 [[b 4: b r ) : b 6 ] 


-[w,b 6 ] = ~[[n,u\,b 6 ] = 


~[v,b 7 ] = -r 6 [[ 6 i, 6 6 ],&r] 


~[z,b 7 ] =-[[m,v],b 7 ] = 


= ~r 6 [bi, [fo 6 , & 4 ]] - r 6 [b e , [ 61 , 64 ]] 

= -n>MCA)fr6, 


= —S4[t»3, [^ 8 , £> 5 ]] — S4[£»S, [t»3, ^ 5 ]] 

= k3S4[t v ,b 3 ] 

= -s 4 k 3 ( 82 ,ri)b 3 , 


-[n, [m, 6 5 [] + [ u , [n,b 5 ]} 
-S4k 3 {82,’n)[n 1 b 3 \ + [m, (-y, <5i)6i] 
{-S4k 3 (S 2 ,r]) - {"f,Si)kir 5 {C,5i))b 7 , 


= -r 5 [b4,[b 7 ,b 6 ]]-r 5 [b 7 ,[b4,b 6 ]\ 


= r 5 k4[t c ,b4\ 

= r 5 /c 4 ((5i,C)6 4 , 


-[n, [u,b 6 ]} + [u, [n, 6 6 ]] 
r 3 k4(5 1 X)\n,b4\ - (8 2 , r y)[u,b 2 } 
(r 5 fc 4 (i5i,C) + (b 2 ,'y)k 2 S4{v,S 2 ))b 8 , 


= -r 6 [b 4 , [b 6 ,b 7 ]\ - r 6 [b e , [bi,b 7 ]} 

= r e k 4 [tc,bi] = -r 6 k4(SiX)bi, 


-[to, [v,b 7 ]\ + [w, [to, 67]] 

bi] - (8 2 ,'y)[v,b 3 \ 

(-r 6 fc 4 ((5i,C) ^ (5 2 ,"/)r 7 k 2 {r],S 2 ))b 5 , 


[ 6 8 ,v] = -[v, & 8 ] = -r 7 [[b 2 ,b 5 ],bs] 


~r 7 [b 2 , [b 5 , b 8 ]} - r 7 [b 5 , [b 2 , &s[] 
k 3 r 7 [t Vl b 2 ) = k 3 r 7 (S 2 ,r])b 2 , 
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[b$,z] =-[[m,v},b 8 \ = -[to, [v,b s ]) + [u, [m,6 s ]] 

= A; 3 r 7 (J 2 , ??)[to, 6 2 ] + {'y,S 1 )[v,b 4 \ 

= {k 3 r 7 (5 2 ,ri) ± r 6 fci(C, <5 i)(7, <5i))6 6 - 

These altogether imply that [Mg,Mj] C Mj. Therefore, to complete the proof of our claim, we just need to 
show [M 0 , M 0 ] C Mg but it is immediate using (11,311 together with the following table; as before, the (r, s)-th 
entry of the following table denotes the summation of the weights of r-th entry of the first column and s-th entry 
of the first row and the red parts denote the elements which are not roots: 



e 

X 

m 

u 

w 

e 

2a 

28 i 

&1 + S 2 + 7 

2 <0 - 7 

28 1 - 27 

X 

2Si 

2 p 

^1 — $2 + 7 

2 ( 5 i — 8 2) - 1 

2 ( 6 i —82—1) 

m 

< 5 i + <52 + 7 

< 5 l — 8 2 + 7 

27 

p 

p - 7 

u 

2 «! - 7 

2(6i — 82) — 7 

p 

2 (P - 7) 

2 ( 6 i — 82) — 37 

w 

28 \ - 27 

2 ($i — 8 2 — 7) 

P — 1 

2 ( 6 i — 8 2) — 37 

2 (P - 2 7 ) 

f 

a — a 

—282 

— 5 i —82+1 

—282 — 7 

—2^2 — 27 

y 

2S2 

p-p 

~P + 7 

-7 

-27 

n 

+ ^2 — 7 

p - 7 

7-7 

p- 27 

5 i — /> 2 — 37 

V 

282 + 7 

7 

27-/3 

P — 7 *~ P + 7 

-7 

z 

25 2 + 2 7 

27 

— < 5 i + 82 + 37 

7 

/3 - 27 - p + 2 7 


Now setting e := a/2, B\ (3/2 and 0 2 := —7±0/2, M has a weight space decomposition with respect to K 
with the set of weights 

S := {0, ±a, ±/3, ±7, ±(/3 - 7), ±(/3 - 2y), ±61, ±(5 2 , ±?7, ±C} 

= {0, ±2e, ±20i, ±202, ±(0i ± 02), ±(e ± 0i), ±(e ± 02)} 

that is a locally finite root supersystem of type (7(1, 2). It follows from Lemma l278f il that for 0 £ {±<5i, ±<$2, ±0, ±C}, 
the form on M e ©M~ e is nondegenerate. Also the corresponding matrix of the from restricted to K with respect 
to the ordered basis {t a ,tp,t 7 } is 


/ (a, a) 

(a, (3) 

(<±7) \ i 

/ (a, a) 

0 

° \ 

(A«) 

(0,0) 

(A 7) = 

0 

2(0,7) 

(0,7) 

\ (7, a) 

(7,0) 

(7,7) / 

V 0 

(7,0) 

(0,7) / 


whose determinant is (a, a) ((3, y) 2 ^ 0. This implies that the form is nondegenerate on K and so the form is 
nondegenerate on M. We note that span F {tg | 0 £ (±<5i, ±<5 2 , ±C, ±0}} = spanpjtg | 0 £ {±a, ±/3, ±7} = K 
and the form is nondegenerate on K, so for each 0 ^ h £ K, there is 0 £ {±<5i, ±S 2 , ±£, ±77} such that 
6 (h) = (h,tg) ^ 0. Now as Mg is a finite dimensional semisimplc Lie algebra of type A\ © C 2 , using Lemma 
11.41 M is a finite dimensional basic classical simple Lie superalgebra with £g isomorphic to A\ © C 2 . Therefore, 
using the classification of f.d.b.c.s Lie superalgebras, M is either isomorphic to osp(3,4) or osp(5,2). But this 
makes a contradiction as there are nonzero real odd roots for each of osp(3,4) or osp(5, 2) while odd roots of M 
are all nonsingular. This completes the proof. □ 


Lemma 2.17. Suppose that C a = R and the corresponding root system R of C is irreducible with no isotropic 
roots. If there are nonsingular roots Si,S 2 with (<5i,5 2 ) ^ 0 and di + S 2 ,Si — S 2 £ R, then R is an irreducible 
locally finite root supersystem, in its 7,-span, of type A(l, 1). 
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Proof. By Lemma [2.161 R is either of type A(l, 1) or BC( 1,1). We show that R cannot be of type BC(1, 1). To 
the contrary, suppose that R is of type BC{ 1,1), then by [16], Lem. 1.13], R is an irreducible locally finite root 
supersystem. We assume that R = {0, ±e 0 , ±5q, ±2e 0 , ±2<5 0 , ±£o ± S 0 }. Then 

c = n © 

ckG {±€o ,=t<5o ,±2eo ,±2<5o ,=heo±5o } 

We note that by (EH) and Proposition 12.51 for a £ {±e 0 ± i5o, ±£ 0 ) ±<5o}, £“ C C\. Set Si := re o + sSq and 
<5 2 := re 0 — sS 0 for some r, s £ {±1} and note that [£ £ ° + C~ e ° + C s ° + C~ s °,C Sl + C~ Sl + C &2 + C &2 ] C 
Co n (£ £ ° + £" £ ° + C Sa + C~ 5 °) and [£ ±e °,/: ±50 ] C £ 0 n £ ±£ ° ±<5 °. Therefore 

(2.18) [£ ±£o , £ ±l50 ] = [£ £ ° + £“ £ ° + C s ° + C~ So ,£ Sl + C~ Sl + C ? 2 + C 52 } = { 0 }. 

Take a , f3, e, /, x, y , oi,..., 04 , 61 ,..., 64 to be as in the proof of Proposition 12.141 contemplating Proposition ^. 51 

and (12.181) . as in Proposition ^. 141 one can check that 

f Mq := F t a © Ftp ® ^2 ^ 

M = Mg ® Mi with < 7e{±2e 0> ±25 0 } 

[ Mi := £ £ ° © £ _£ ° © C s ° © C~ s ° + Et=i( Fa i + ¥b i ) 

is a finite dimensional basic classical simple Lie superalgebra. But the even part of M is isomorphic to 5(2 ©s (2 
with Cartan subalgebra F t a + F tp and the root system of M with respect to Ff a + Ftp is BC( 1,1). This is a 
contradiction using the classification of finite dimensional basic classical simple Lie superalgebras. So to complete 
the proof, we assume R is of type Al(l, 1) and show that R is a locally finite root supersystem. Take V := span F i? 
and denote the induced form on V again by (•, •). Using the same argument as in III Lem. 3.10], one can see 
that R re is locally finite in its F-span in the sense that it intersects each finite dimensional subspace of span F f£ e 
in a finite set. So using Lemmas 3.10, 3.12 and 3.21 of m, we get that R is an irreducible locally finite root 
supersystem in its Z-span. Also using [14] Lem. 3.5]; we get that R re is a locally finite root system and the 
restriction of the form (•, •) to V re := span F i? re is nondegenerate. Therefore we have 

(2.19) the restriction of the form (•, ■) to Vq := spanQ^ re is nondegenerate. 

Since R re is a locally finite root system, by m Lem. 5.1], it contains a Z-linearly independent subset T such 
that 

( 2 . 20 ) WtT = ( Rre)? ed = Rre \ { 2 d | « S R re }, 

in which by Wt, we mean the subgroup of the Weyl group of R re generated by Tq for all d £ T. On the other 
hand, we know there is a subset II of R such that n is a Z-basis for span z i?; see m Lem. 2.3]. This allows us 
to define the linear isomorphism 

(p : spanQ^ —> Q <g>z span z A, 

mapping d to 1 © d for all a £ II. Now suppose that R is of real type, then 

(^(spanQ.Rj-e) = span^l © R re ) = Q © span z .R = <p(spanQ.R) 

which in turn implies that span,g,.R = spanQ^ re . Therefore, spanQ^ = spanjjT and so span F .R = span F T. But T 
is Z-linearly independent and so it is Q-linearly independent. We now prove that T is F-linearly independent. 
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Suppose that {or,..., a n } C T and {n,..., r n } C F with rioti = 0. Take {a,j \ j £ ./} to be a basis for 
Q-vector space F. For each 1 < i < n, suppose { r\ \ j £ J} C Q is such that n = J2jej r i a j- Then for each 


a £ T, we have 


\ ' 


2 (ati,a) 


0 = l^ Ti r- -r 

jri (a, a) 


= EE 

i=i 


r": a ., 


2 (aj,a) 

(d, a)' 


= EE"; 

jeJ i=i 


2 (cti,a) 


- -y 3' 


{a, a) 


Since £ Z, we get that for each j £ J and a £ T, 


(E r i ai ’ a ) = E = °- 

2=1 2=1 

So by (12.191) . Y^i =l r l&i = 0 for all j £ J. But T is Q-linearly independent and so =0 for all 1 < i < n and 
j £ J. This means that 

(2.21) T is F-linearly independent. 


Next suppose that R is of imaginary type and fix a* £ R* s . Using a modified version of the above argument 
together with H3 Lem 3.14] (see also [141 Lem. 3.21]), we get that 


( 2 . 22 ) 


T U {a*} is F-linearly independent. 


For each element a £ T, we fix a preimage d £ R of a under and set 

K ( {a | a £ T} if R is of real type, 

\ {d|a£T}U{a*} if R is of imaginary type. 

We have using m Pro. 3.14] together with (12.201) that V = span F AT. Therefore setting V := span F A' and using 
(12.211) and (12.221) . we get that V = V © V°. We set R := {a £ V \ 3a £ V°, a + a £ R}, then R is a locally finite 
root supersystem in its Z-span isomorphic to R. Also since K C R D R, —K C R D R. So the subgroup Wk of 
the Weyl group of R generated by the reflections based on real roots of K, we have 

Wk(±K) £ Rn R and ± W k K = ( H 5 * °! ^ ^ 

( A if R is of imaginary type. 

We finally set S& := {cr £ V° | a + a £ R} for a £ R. Then R = U d , e ^(d + So)- Now using Case 1 of the proof 

of Lemma 1.13 of IT6l. we have 


(2.23) 


S& Q R° = {0}; a £ R re - 


Suppose that 61,62 £ R n s with (5i, $ 2 ) 7 ^ 0 and 5i + 62,61 — 62 £ R, then there are 61,62 £ Rns,& £ , r £ 

such that = 81 +cr and 8 2 = 82 + T. Since 5 i±5 2 £ R, we get using (12.231) that a+r, a — r = 0 and so a = t = 0. 
Therefore, taking R = {0, ±2eo, ±2<5o, ±eo ± <5o}, we have eo ± 5o £ R- Now if r £ {±1} and <5 £ S ( 0 +r g 0 , since 
(eo — v 8 q, eo + rSo + 8 ) ^ 0, either 2r5o + 6 £ R or 2eo + 8 £ R which together with (12.231) implies that 5 = 0. 
This shows R C R and so V = V. Therefore R = R is a locally finite root supersystem in its Z-span of type 
A(l,l). □ 


Lemma 2.24. Suppose that £° 


TL and that C is simple. Then R is an irreducible locally finite root supersystem. 


Proof. Set V := span F A and denote the induced form on V again by (•, •). As in Lemma 12.171 there is a subspace 
V of V, a subset R of V and a class {S^ | d £ R} of subsets of V°, the radical of the form (-, •), such that 
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V = V © V° and R is a locally finite root supersystem in V isomorphic to the image R of R in V/V° under 
the canonical projection map, with R = U dgi Jd + Sa). Take K to be the subsuperalgebra of £ generated by 
U ag /jx£“. One can check that 

(2.25) K= J2 £“+ E E E [£* +a ,£- &+T ]- 

a£i? x 6t£R x cr ^*S'o: t£S-6l 

Since K is a nonzero ideal of £, we have K = C. Now to the contrary, assume that R is not irreducible, then 
there are nonempty subsets Ai, A 2 of R x such that R x = Ai l±l A 2 and that (Ai, A 2 ) = {0}. Now if a,/3 £ Ai 
(i = 1,2) are such that a + (3 £ R, then for j £ {1,2} with j ^ i, we have (a + /3,Aj) = {0}, so either 
a + /3£Ai or a + (3£ R°. Therefore, either a + fi£Ai or a = a + (j and /3 = —a + r for some a £ R x 
and a £ Sa,r £ S-a■ Also if {i,j} = {1,2}, a £ Ai and /? £ Aj, then (a + /3,Ai) = ( a, At) ^ {0} and 
(a + /3, Aj) = (f3, Aj) ^ {0}. This implies that a + f3 neither belongs to R x nor belongs to R°. So a + /? £ R. 
Therefore, for := {a £ R \ a + Sa C AJ (i = 1,2), YlaeA, + Edei, TaeS, Tires.,, [£“ +<T , £~“ +r ] is a 
nontrivial ideal of £ = K. This makes a contradiction, so R is an irreducible extended affine root supersystem. 
We next note that if S £ R° \ {0}, then t$ is a nonzero element of the center of £ = K which is a contradiction. 
So R° = {0} and 

(2.26) £= Ca ® E [£“>£”“]■ 

aEi? x a£R x 

Now if R is not of type A(i,£), [121 Lem. 1.13] implies that R is a locally finite root supersystem in its Z-span. 
Also if R is of type A(£,£), Lemma [2.141 and Proposition 12.51 imply that £ is finite dimensional, in particular, 
^ = E Qe Rx[£“,£-“]=E ae Rx Ff a is finite dimensional. Therefore, R* = span F f? and the induced form on R* 
is nondegenerate. But V = span F l? = R *, and so the form on V is nondegenerate. This in turn implies that the 
form restricted to (R) is nondegenerate. This means that R is an irreducible locally finite root supersystem. □ 

Lemma 2.27. Suppose that £° = R. If the root system R of £ is a locally finite root supersystem in its Z-span, 
then the ideal K := £ a + TaeR x i £ - “] of £ is a direct sum of simple ideals. 

Proof. Set A := ( R ), V := span F i? and denote the induced form on V again by (•, •). Since R is a locally finite 
root supersystem in A, the form restricted to A is nondegenerate and so using the same argument as in m Lem. 
3.21], the form on V is also nondegenerate. Suppose that R = (BieiSi is the decomposition of R into irreducible 
sub-supersystems and set £{i) := ® agS x£“ ©E a es* [£ a ,£~ a }■ Then K = E» e j £(*)• We prove that each £(i) 
{i £ I) is a simple ideal of £. We note that each Si is a closed sub-supersystem of R, so £{i) is an ideal of 
£. Suppose that i £ I and note that £{i) has a weight space decomposition £(i) = ® a eSi£(i) a with respect 
to R(i) := Taes x [£“,£““] = TaeSi with £(i) a = £ a for a £ S x and £(i)° = R(i)\ see Lemma ITTI mI . 
Now suppose that J is a nonzero ideal of £(i), then J = ® a eSi(J H £(i) a ). We claim that there is a £ S x with 
JD£(i) a A {0}. To the contrary, assume J = Jn£(J° and suppose h := YlaeS r <Au £ £(i)° is a nonzero element 
of J, then since E a eS- r “ a is a nonzero element of (Si), one finds f3 £ Si with (J2aeS- A 1 0, therefore, 

[h, = (Eaes* r ctOt, f3)£P A {0} and so C J, a contradiction. Now fix a £ S x with J(l£ a = Jn£(i) a A {0}, 

then t a £ [£~ a , £ a fl J] C J. So for each /3 £ Si with ( a , /3) A 0, we have [ t a , £J = (/ 3 , a)£@ A {0} which in turn 
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implies that Cfi C J. Now for an arbitrary ft £ S *, as S, is irreducible, there are a chain op := a, a ±,..., a n := /3 
of elements of S* such that (on , 07-1) ^ 0 for all 1 < * < n, so £ Qi C J for all 1 < * < n, in particular Cfl C J. 
So C{i) C J. This completes the proof. □ 

Lemma 2.28. Suppose that £ is simple and £° = 'LL. If C is finite dimensional, it is a basic classical simple Lie 
superalgebra and if C is infinite dimensional, then it is a direct union of finite dimensional basic classical simple 
Lie superalgebras; in particular £ is locally finite. Moreover, up to a scalar multiple, there is a unique invariant 
nondegenerate even supersymmetric bilinear form on C. 

Proof. We first note that R is an irreducible locally finite root supersystem by Lemma [2 .241 We now assume L 
is infinite dimensional. Contemplating Lemma 2.4(m) of [16] . we get that R is a direct union of its irreducible 
closed finite sub-supersystems of the same type as R, say R = U 7g r-K(7), where T is a nonempty index set. For 
each 7 £ F, set £(7) := J2a£R(y) x ^ a + J2 a eR ( 7 )x [£“> £~“]- Considering Lemma 12.141 and Proposition ^. 51 and 
using the same argument as in Lemma 12.271 one can see that £(7) is a finite dimensional simple subsuperalgebra. 
We next show that £(7) is a finite dimensional basic classical simple Lie superalgebra. Since the form restricted 
to £(7) is nonzero and even, we just need to show £(7)0 is a reductive Lie algebra or equivalently £(7)1 is a 
completely reducible £(7)g-module. We carry out this throughout the following two cases: 

R is of real type: In this case, span^t,* | a £ R("f)} = span F {f a | a £ R (7)re}- This in turn implies that 

E [C a ,c~ a ] = E [£“-£■“]= E [£“.£"“]■ 

aGR(y) x a£R(y)? e a£R( 7)? 

Suppose that R( 7)5 = ®f =] <1> 7 ;, where n is a positive integer, is the decomposition of the finite root system 
R( 7)0 into irreducible subsystems. Using the same argument as in Lemma 12.271 we get that for each 1 < i < n, 
£“ + X] a g<i> x £ _ “] is a finite dimensional simple ideal of £(7)0 and so £(7)5 is a semisimple Lie 

algebra. 

R is of imaginary type: Take W to be the Weyl group of R and fix 5* £ R* s . Without loss of generality, we 
assume each i?(7) contains S*. We recall from Lemma [1.91 m') that R* s = ±W5* and note that —5* ^ W5* 
as otherwise —6* £ S* + (R re } which contradicts the fact that R is of imaginary type. For 7 £ T, take W 7 
to be the Weyl group of i? 7 and set Si := >V 7 <5* as well as S 2 := — W 7 (5*. We note that by Proposition 12.51 
and om, Rl = i? x s and claim that for i = 1,2, Sags-(A)“ is an irreducible £(7)g-module. By [TH Lem. 
4-6], (£ 1)“ is an £(7)g-submodule of £j. Suppose that U is a nonzero £(7)g-submodule of YlaeS . (£i)“- 

Then U = X^ ct gs i ((^l) Q; ^ U). Since U ^ {0}, there is 7 £ Si such that U (7 (£i) 7 ^ {0}. So (£i) 7 C U as 
by Proposition ^. 141 we have dim(£i) 7 = 1. Suppose that /3 £ S,, then there are 71 ,... ,7 n £ (i? 7 )g \ {0} such 
that f} = r 7l • • • r 7n (7). Now considering (12.31) . we have 0 7l • • • 0 7n (£i) 7 C (£j)^ n U. This together with the fact 
that dim((£j)^) = 1, implies that (£i) /3 C U. So U = Therefore (£ 7 )j = Si © S 2 is completely 

reducible (£ 7 )g—module. 

Finally, suppose that £ is finite dimensional, using the same argument as above, if R is of real type, £g is a 
finite dimensional semisimple Lie algebra and if R is of imaginary type, £1 is a completely reducible £g-module, 
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so £ is a finite dimensional basic classical simple Lie superalgebra. The last assertion follows easily form the 
facts that £ is a direct union of finite dimensional basic classical simple Lie superalgebras and that nonzero 
invariant forms on such Lie superalgebras are proportional. □ 

Definition 2.29. A nonzero Lie superalgebra £ = £g © £j over an algebraically closed field is called a locally 
finite basic classical simple Lie superalgebra if 

• £ is locally finite and simple, 

• £g has a nontrivial subalgebra R with respect to which £ has a weight space decomposition £ = 

Y^ae'H* ^° v ^ a adjoint representation with corresponding root system R such that £° = R and 

R x ^0, 

• £ is equipped with an invariant nondegenerate even supersymmetric bilinear form. 

Theorem 2.30. Suppose that £ is a nontrivial Lie superalgebra, then £ is a locally finite basic classical simple Lie 
superalgebra if and only if it contains a subalgebra R (refereed to as a Cartan subalgebra) and that it is equipped 
with a bilinear form (•,•) such that (C,R, (■,■)) is a simple extended affine Lie superalgebra with corresponding 
root system R such that R x 0 and £° = R. In this case, we have 

(i) the root system R of £ is an irreducible locally finite root supersystem, 

(ii) £ is a direct union of finite dimensional basic classical simple Lie superalgebras, 

(Hi) [£g, £g] is a semisimple Lie algebra, 

(iv) if Cj {0}, it is a completely reducible C^-module with at most two irreducible constituents. 

Proof. Suppose that £ is a locally finite simple Lie superalgebra equipped with an invariant nondegenerate even 
supersymmetric bilinear form (•, •) and that £5 has a nontrivial subalgebra R with respect to which £ has a 
weight space decomposition £ = £ a via the adjoint representation with corresponding root system R 

such that £° = R and R x 0. Use the same notation as in the text and suppose a £ Ri \{0} for some i £ {0,1}. 
Since the form is nondegenerate and even, we get that the form on (Cf) a © ( Cf)~ a is nondegenerate and so there 
are x £ (£ 7 )“ and y £ (Cj)~ a such that (x, y) 0. Now [x, y\ £R and for each h £R, 

(h, [x,y]) = ([h,x\,y) = a{h){x,y). 

This implies that [x,y\ 0. Also as £ is locally finite, for each x £ C a ,y £ C 3 (a £ R \ {0},/3 £ R), 

the subsuperalgebra of £ generated by x, y is finite dimensional, so there is a positive integer n such that 
( ad x ) n (y) £ C na+13 equals to zero. This means that ad x is locally nilpotent. Altogether, we concluded that 
(£, (•, -),R) is a simple extended affine Lie superalgebra. This together with Lemma [2.281 completes the proof 
of the first assertion. 

Now suppose £ is a locally finite basic classical simple Lie superalgebra, (i) and (ii) follow from Lemmas 12.241 
and 12.281 For (Hi), we note that if Rq = ©’T 1 ( f>; is the decomposition of Rq into irreducible subsystems, then 
we have [£g,£g] = ©”=i C(i) in which C(i) := 'Eae$ i \{o}( /: o) a + Ec*e 4 >A{ 0 } K £ o)“, (£g)~“] is a simple ideal. 
Finally for (iv), we first suppose R is of imaginary type, then by Proposition 12.51 and m, Ri=Rns\{0} and 
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by Proposition 12.141 dim C s = 1 for S £ R* s . Now one can use the same argument as in the proof of Lemma 
12.281 to get that £j is completely reducible £(j-module with two irreducible constituent. Next suppose R is of 
type A(£,£), then by Propositions 12.141 and E75l £ is finite dimensional and so by Lemma [2.281 and the theory 
of finite dimensional basic classical simple Lie superalgebras, we are done. Finally, suppose R is of a real type 
other than type A(£,£). Then by Propositions 12.5112.141 and Lemma [2.171 

(2.31) dim(£“) = l Va € R x . 

Also using the classification theorem for real types, we have the following: 

If {/3 £ R\ | 2/3 £ R} ^ 0, then for a £ R£ s , there is 7 £ R£ such 

(2.32) that 7 + a £ Ri and 2(7 + a) G R ; also for /3 G Ri with 2/3 G R , 
there is 7 G Rq such that 77 + /3 G R x s . 

We next set S 1 := Y a £RZ B £“ and S 2 '■= Y a ^Rf - 2 aeR ^ an( f suppose that U is a submodule of £o-module 
Ci = Si © S- 2 , then U = X)ae,Ri(^ Q ^ U)- If U ^ {0}, then U fl C a ^ {0} for some a G R x s or for some 
a G R x with 2a G R. Now (12.3211 together with Lemma [2T4l and (12.311) imply that U D Si 7 ^ {0} and if S 2 ^ {0}, 
U fl S 2 ^ {0}. Now considering (12.311) and using the same argument as in the proof of Lemma f2.281 together with 
the fact that all roots /3 G Ri with 2/3 G R and also all nonzero nonsingular roots are conjugate under the Weyl 
group action, we get that Si + S 2 Q U. So U = Cj. This completes the proof. □ 

Lemma 2.33. Suppose that (£,(•,•), R) is a locally finite basic classical simple Lie superalgebra with corre¬ 
sponding root system R. Then £g is a semisimple Lie algebra if and only if R is of real type. 


Proof. There is nothing to prove if £ is a Lie algebra. So suppose that C\ ^ {0}. If R is of type B(0,T), 
take S := 0 and otherwise, take 5 to be a fix nonzero nonsingular root. We know that R ns = {0} U ±W<5 in 
which W is the Weyl group of R. Also £ = YaeR* + YaeR* [£“i£”“] as £ is simple. This implies that 
R = YaeRx \C a ,C “] = Ya£R^a = Yct£R re + F tg. So 

£ s = Y (Ai) a ©^= Y £ a ®R= Y c °® E [£“,£ _a ]+Ft, 

aGRg aGRg a£R% a£R? e 

and by (12.11) and Theorem 12.301 


K := [£g,£o] = E r ®E [£“,£■“] = £ Q © Y [£“,£-“] 

aGRg aGRg a£R$ aGRf e 

is a semisimple ideal of £g. Also contemplating in Lem. 3.5], the induced form on span F I? restricted to span F f? re 
is nondegenerate. Now it follows that ts G span F {t a | a G R re } if and only if ts G span^-fia | a G R re }\ see na 
Lem. 1.8]. So we have 


«= E Fto, v4 ts G span F {t a | a G Rre} 

Oi£iR re 


■^4* ts G spanQ{f a | a G R re f 
<t=> <5 G spanjjja | a G R re } 

3rt G Z \ {0} with nS G (Rre) 
<t=> S G Q (Rre) 

<t4 I? is of real type. 
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Now if R is of real type, then R = J2 aGRre Ft a = J2 a eR x [£“,£~“] and so £g = E which is a semisimple Lie 
algebra. Conversely, suppose £g is a semisimple Lie algebra and to the contrary assume R is of imaginary type. 
Then £g = AT © Ftg. Since £g is a semisimple Lie algebra and K is an ideal of £g °f codimension 1, there is a 
1-dimensional ideal / of £g such that £g = K © /. Fix 0 / i £ /. We have I = Fa;. If / C R, for each 7 £ Rq , 
we have [/, (£g) 7 ] C/n (£g ) 7 C R n (£g ) 7 = {0}; also we have [I,R] C [R,R] = {0}. This means that / is a 
central ideal of £g which is absurd. So x R. Therefore x = J2 a&R x x a + J2 a e Rre r <Aa + ftg in which r a £ F 

(a £ R re ), r £ F \ {0} and for each a £ Rq , x a £ (£g)“ with x 7 ^ 0 for some 7 £ Rq \ {0}. Since I = Fx is an 
ideal, we have 

[a; 7 ,(£o)- 7 ]+ £ [^,(£o)“ 7 ]+ £ M„, (£o)" 7 ] + r[t t , (£ S r 7 ]|« '[x, (£ S r 7 ] 

(2.34) C Fa;; 

but Xj ^ 0 and the form restricted to (£g) 7 © (£g) -7 is nondegenerate, so we have [x 7 , (£g) -7 ] = Ff 7 by (11.31) . 
Now (12.341) implies that t 1 £ F(^ Qgi?re r a t a + rtg) D (J2 aeRre Ft a ) which is a contradiction as R is of imaginary 
type. This completes the proof. □ 


2.1. Examples. For a unital associative superalgebra A and nonempty index supersets I, J, by an / x J-matrix 
with entries in A, we mean a map A : I x J — > A. For i £ I, j £ J, we set aij := A(i,j) and call it the ( i,j)-th 
entry of A. By a convention, we denote the matrix A by (a, 7 ). We also denote the set of all I x J-matrices with 
entries in A by A lxj . If I = J, we denote A lxj by A 1 . For A = (a l? ) £ A lxj , the matrix B = (bij) £ A jxl 
with 




dji |*| = |j| 
dji |*| = 1, \j | = 0 
-dji |*| = 0 , \j\ = 1 

is called the supertransposition of A and denoted by A st . If A = (a^) £ A lxj and B = (bij) £ A JxK are such 
that for all * £ I and k £ K, at most for finitely many j £ J , ajjbjk s are nonzero, we define the product AB 
of A and B to be the I x fT-matrix C = ( Cik ) with Cik := a ijbjk for all * £ /, k £ K. We note that if 

A , B , C are three matrices such that AB 1 ( AB)C , BC and A(BC) are defined, then A(BC ) = ( AB)C. We make 
a convention that if / is a disjoint union of subsets ... . It of /, then for an I x /-matrix A , we write 


A = 


^ 1,1 • • • Ai : t 

^ 2,1 • • • ^ 2 ,* 

At, 1 • • • A t ,t 


in which for 1 < r, s < t, A r , s is an I r x / s -matrix whose (*,j)-th entry coincides with (*,j)-th entry of A for 
all * £ I r ,j £ I s . In this case, we say that A £ an( j that the defined matrix product obeys the 

product of block matrices. If {at | * £ /} C A, by diag(ai), we mean an I x /-matrix whose (*,*)-th entry is gu 
for all * £ I and other entries are zero. If A is unital, we set 1 / := diag(l^). A matrix A £ A 1 is called invertible 
if there is a matrix B £ A 1 such that AB as well as BA are defined and AB = BA = 1/; such a B is unique 
and denoted by A -1 . For * £ I,j £ J and a £ A, we define Eij(a) to be a matrix in A lxj whose (*, j)-th entry 
is a and other entries are zero and if A is unital, we set 


e i,j ■— Ei,j( 1 ). 

Take Mi x j(A) to be the subspace of A lxj spanned by { Eij(a ) | * £ I,j £ J,a £ A}. Mi x j(A) is a superspace 
with Mi x j(A)i := span F {//. jS (a) | |r| + |s| + |a| = *}, for * = 0,1. Also with respect to the multiplication of 
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matrices, the vector superspace Mj x j(A) is an associative F-superalgebra and so is a Lie superalgebra under 
the Lie bracket [A, B] := AB — (—1 )\ A \\ B \BA for all A, B £ Mi x j(A). We denote this Lie superalgebra by 
pi/(.A). We note that for X, Y £ p[/(_4), (XY) st = (—l)l x H i I Y st X st . For an element X £ p[/(_4), we set 
str(X) := J2iei (—and call it the supertrace of X. 

Lemma 2.35. (i) Suppose that Q is a homogeneous element of F , then Qq := {X £ pl/(F) | X st Q = 
— (—1 )\ x ^Q\QX} is a Lie subsuperalgebra o/pl/(F). 

(ii) If Qi,Q 2 are homogeneous elements of F 1 and T is an invertible homogeneous element of F 1 of degree 
zero such that Q 2 = T st Q\T , then Qq 1 is isomorphic to Qq 2 via the isomorphism mapping X to T~ l XT. 

(in) Suppose that I and J are two supersets and r/ : I —> J is a bijection preserving the degree. For a matrix 
A = ( Aij ) ofF 1 , define A v £ F J to be (AS) with AS = A v - i(»)»j-i(j). If Q is a homogeneous element of F J and 
Q' := Q v , then the Lie superalgebra Qq := {X £ pl/(F) | X st Q = — (—l^dlQlQX} is isomorphic to the Lie 
superalgebra Qq, := {X £ p[ J (F) | X st Q' = -(-l)WIQ'lQ'X}. 


Proof, (*), (ii) It is easy to verily. 

(Hi) Suppose that matrices A, B £ F 7 are such that AB is defined, then for i,j £ /, we have 

(^ V B v ) ri (i) v (j) = = Aj t B t j = (AB)ij = (AB)^^^). 

tei tei 

This in particular implies that if A, B,C,D £ F J are such that AB and CD are defined and AB = CD , then 
A^B 71 = C^D 71 . Moreover, as g preserves the degree, we have ( A st ) ?? = (A v ) st . Now it is easy to see that the 
function 9 : Qq —> Qqi mapping X to X v is an isomorphism. □ 


Example 2.36. For two disjoint index sets J, J with J ^ 0, suppose that {0,*, i, \ i £ I U J} is a superset with 
|0| = |*| = |*| = 0 for * £ I and \j\ = \j\ = 1 for j £ J. We set / := / U I, Jo := {0} U / U I and j := J U J in 
which 

I:={i\i£l} and J := {j \ j £ J}. 

For 1 = i U j or X = J 0 U j, we set 

Qi '■= 


M/ 0 
0 M 2 


in which 


j&J 

Now by Lemma [2 .351 


M, — e--~e-.-) and M, •= / _2e °>° + Ei e /( e i,i + e i,i) ^S = i 0 Llj 

2 ‘ AJf™ e « j 1 ' \ Eiei( e Ci + e~ iti ) if I ? <6,1= Ju J. 


Si ■= S Qx = {X£ plx(F) | X st Qz = - Q x X} 

is a Lie subsuperalgebra of pl x (F) which we refer to as osp(2J, 2 J) or osp(2/ + 1,2 J) if Z = / U J or I = 4 UJ 
respectively. Set 

(2.37) fj := span F {h t , dk \ t £ /, k £ J} 

in which for t £ I and k £ J, 


ht • &t,t and dk .— ek,k &k,k 
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and for i £ I and j £ J, define 


e< : f) —> F 
ht h "> < 4 , dk •—>• 0 , 


Sj : fi 


F 


ht 1 —>■ 0 , dfc i—>• Sj'k, 

(t £ I, k £ J). One sees that Gx has a weight space decomposition with respect to f). Taking R(X) to be the 
corresponding set of weights, we have 

R(i 0 U j) = {±e r , ±(e r ± e s ), ±<5 P , ±(5 P ± 5 q ),±(e r ± <5 P ) I r,s £ I, p,q £ J, r ± s}, 

(2.38) 

8(7 U j) = {±(e r ± e s ), ±((5 P ± S q ), ±(e r ± 5 P ) \ r, s £ I, p, q £ J, r ± s} 
in which ±(e r ± e s )’s are disappeared if |/| = 1 and ±e r ’s, ±(e r ± e s )’s as well as ±(e r ± <5 p )’s are disappeared if 

1 1\ = 0. Moreover, for r, s £ 7, p : q £ J with r ^ s and p Y Qi we have 


(GxY r+ea = span F (e ri s - e Sjf ), 
{QiY r ~ es = span F (e riS - e S;f) , 
(Gx)~ Sp ~ Sq = span F (e Pi9 + e qiP ), 


(' Gx)~ €r ~ ta = span F (ef= iS - e,,,.), 
(Gx ) 1 Sp+5q = span F (e p , g + e p>q ), 

( Gx) Sp ~ Sq = span F (e Pi , - e 5iP ), 


\2S. 


p span F (e r>p -f- e Pl r), 

( Gx)~ er ~ 5p = span F (e, 

~ 6p = span F (e r)P - e P|f ), 

( Gx)~ er+Sp = span F (e. 

,p = span F e P)P , 

(■ Gx)~ 25p = span F e PiP , 


,p i 


osp(27 + 1, 2 J) £r = span F (e 0 ,f + 2e ri0 ), osp(27 + 1, 2 J) 6r = span F (eo, r + 2er j0 )> 
osp(2 1 + 1, 2 J) s ? = span F (e 0iP - 2e P]0 ), osp(27 + 1, 2 J)~ 5 p = span F (e 0 , p + 2e Pi o)- 


Define 


(v) : Gx x Gx —>-F; (x,y) i-A str(xy) (x,y£Gx)- 

Then (Gx, f), (■, ■)) is a locally finite basic classical simple Lie superalgebra whose root system is an irreducible 
locally finite root supersystem of type X as in the following table: 


X 

(414 

1 

A 

(414 

X 

-8(0, J) 

( 0 ,> 1 ) 

do U J 

C(0,J) 

(1,— 2) 

7 U J 

8(1, J) 

(1,> 1) 

Iq U J 

8 (2,1, a) 

(2,1) 

7 U J 

8 (/,l) 

(> 2,1) 

7o U J 

8(2, J) 

(2, >2) 

7 U J 

8(7, J) 

(> 2, > 2) 

7o U j 

8(1,7) 

(> 3,1) 

7 U J 

71(0,2) 

(1,1) 

7 U J 

8(7, J) 

(> 3, >2) 

7 U J 


We refer to f) as the standard Cartan subalgebra of Gx- We note that ( Gx)o is centerless unless I = 7 U J with 
|/| = 1; see Lemma 12.331 In this case, suppose I = {1}, then for a fixed index j £ J, t ei +Sj — (l/2)i 2 <5 J is a 
nonzero central element of the even part of Gx- '0 


Lemma 2.39. Suppose that 7, J are two nonempty index sets with |/| = 00 , then osp(2 1, 2 J) ~ osp(27 + 1, 2 J). 


Proof. Consider the following matrices of Ff°} |±l/lil7l±) ‘ 7l±l ‘ 7 : 


0 
7 

0 / 

then we have S st QS = Q e . Also for matrices 

/ 1 1 0 0 \ [21 0 0 0 \ [ 0 / 0 0 \ 

1 -1 oo n _ o -27 0 0 I n , _ ( 1 0 0 0 

0 0 7 0 — I 0 0 0 7 “ I 0 0 0 7 

\ 0 0 0 7 / \ 0 0 -7 0/ \ 0 0 —7 0 / 


( 1 

0 

0 

0 

0 \ 

( “ 2 

0 

0 

0 

0 \ 

/ -2 

0 

0 

0 

0 

I 

I 

0 

0 


0 

21 

0 

0 

0 


0 

0 

I 

0 

0 

I 

-I 

0 

0 

,Qe ■■ = 

0 

0 

-21 

0 

0 

,Q~ 

0 

I 

0 

0 

0 

0 

0 

I 

0 


0 

0 

0 

0 

7 


0 

0 

0 

0 

V 0 

0 

0 

0 

/ / 


V 0 

0 

0 

-I 

0 / 


V 0 

0 

0 

-I 
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of we have S' st Q'S' = Q 0 . Now by Lemma ESS Qq — Gq b , Qq> — Qq 0 > and Q Qe ~ Qq o . 

completes the proof. 


Example 2.40. Suppose that J is a superset with Jg, Jj ^ 0. Set Q := sl( Jg, J\) = {X £ plj(F) | str(X) 


e j,j 

- e s 

,5) 

1 i,r G 

Jo ■> 3 ■> $ 

£ Ji} 

. For t £ 

£t : 

H - 

~t F, 






- e r , 

r 1 —y Si,t — Sr, 

e J,J ” 

- €. s ,s l_ A 

0, e<,i 

+ e j,j ^ 

&k ■ 

: n - 

F, 





ei,i 

- e r , 

r H > 0, — 

■ e s ,s |— ^ 

~3j,k + 


i,i ~T ej,j 


(i,r £ Jo,j,s £ J\). Also define 


This 


□ 

= 0} 


(y):ffxg->F; {X,Y) *+str{XY). 


If | J| < oo and | Jg| = | Jj|, take K := F Yjej e jj and note that it is a subset of the radical of the form (•, •). So 
it induces a bilinear form on Q/K denoted again by (•, •). Set 

, (j. t) , = f $I K if \ J \ < 00 and l J ol = Pi I 

si 0 ; i) ■ | q otherwise. 

Then (£ := sl s (Jg, Jj), (•, •), T-L/K) is a locally finite basic classical simple Lie superalgebra with root system 

Pi - Cj,$ P - S q ,±(ei + Sp) | i,j £ Jo,P,q G J\} 


which is an irreducible locally finite root supersystem of type X as in the following table: 


X 

(IdoUPl) 

A(0,Ji) 

(1,>2) 

A(0, Jg) 

(> 2,1) 

^(•^g, Jf) 

(> 2, > 2) 

| Jg| ^ Jg if Jg, Jj are both finite 

A {1,1) 

~1JJ) {£ £ Z^ 1 ) 


Also if (| Jg|, | Ji|) ^ (1,1), for i,j £ Jg and p, q £ J\ with and p ^ q, we have 

C ei ~ tj _ F e i tj: = Fe g , p , 

jra+5 P = F e . jp; £-ei-s p _ 

We refer to %/K as the standard Cartan subalgebra of £ = sl s (Jg, J\). We now need to discuss the center of 
£g for our future purpose. We recall from finite dimensional theory of Lie superalgebras that if | Jg|, | Jj| < oo, 
£g has nontrivial center if and only if |Jg| ^ |Jj| and that in this case, it has a one dimensional center. Now 
suppose | Jg U Ji\ = oo, say | Jg| = oo. Fix i 0 £ Jg and j 0 £ Jy Then {e M - e iot i 0 ,e jt j - e jotjo ,e io ^ 0 + e jo j 0 \ i £ 
Jg \ {ig}, j G Jj \ {jo }} is a basis for %. Suppose are distinct elements of Jg \ {ig} and j i,..., j n are 

distinct elements of Jf \ {jo}- If z = - e» 0 ,*o) + EPi ~ Cj 0 ,j 0 ) + K e i 0 ,i 0 + e jo,jo) (where 

EtLi s t{ e jt,h — e jo,jo ) disappeared if | Jj| = 1) is an element of the center of £g, then for each i £ Jg \ {jg}, 
[z, (£g) e * —e *o] = {0}. Now if i = i s for some s £ {1,..., £}, we get r s + (^ =1 r t ) — k = 0 and if i £ pi,..., p}, we 
get Et=i r t — k = 0. Therefore we have r s = 0 for all s £ (1,..., £} and so k = 0. This shows that £ is centerless 
if | Jj| = 1. If | Jj| > 1, [z. £ ei o+ 5 Jo] = {0}. This implies that E"=i s * = 0- We also have [z, C Si ~ Sj: °] = {0} for all 
j £ J\ \ {jg}. Now it follows that s t = 0 for all t £ {1,..., n}. This means that z = 0. <0 
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Lemma 2.41. For index sets /, J with |J| ^ 0 and a superset T with Tg,Tj ^ 0, set 

ai,j := osp( 2 I, 2 J)(if I ± 0 ), b/,j := osp( 2 / + 1 , 2 J), c T := s[ s (T 0 ) Ti). 

Suppose that Q and C are two Lie superalgebras of the class 

{d/,j, bi t j, c t | I, J,T}. 

Then Q and C are isomorphic if and only if (up to changing the role of Q and C) one of the following holds: 

• there are index sets with |/| = |/'| ^ 0, |J| = \J'\ yf 0, G = ai t j and C = 

• there are index sets /, J,J' with |/| = |/'|, |J| = \ J'\ ^ 0, G = b/,j and C = 

• there are supersets I,J with |Jg| = |Jg| 0, |/j| = |Ji| y^ 0, or |/g| = |^l| y^ 0, |T[| = |Jo| 7 ^ 0 such that 

G = ci and C = c j, 

• there are index sets /, J with |J| = | J| = 1 and a superset T with |Tg| = 1, |Tj| = 2 or |Tg| = 2, |Tj| = 1 
such that Q = ai. j and C = c t, 

• there are index sets J, J with J ^ 0, |/| = 00 , G = d/,j and C = 

Moreover, in each of the first three cases, the mentioned isomorphism can be chosen such that the standard 
Cartan subalgebra of Q is mapped to the standard Cartan subalgebra of C. 

Proof. We first note that for two Lie algebras ti and 1 2 such that [li,ti] and [L 2 , 62 ] are semisimple with the 
complete sets of simple ideals tf} and {Ij, ■ • •, 6 ™} respectively, if ti and 62 are isomorphic, we have 

• [ti,ti] and [ 62 , 12 ] are isomorphic, 

(2.42) • 61 is centerless if and only if 62 is centerless, 

• m = n and under a permutation of indices 6 i is isomorphic to 6 | for i £ { 1 ,..., n}. 

Now take A to be one of the Lie superalgebras a/,j, bij, c t- We have already seen that if A is infinite dimensional, 
then the even part of A is centerless if and only if A ^ d/.j for some infinite index set J and an index set / 
with |/| = 1. Next suppose that Q and C are as in the statement and assume they are isomorphic, then we have 
Go — Co- We also know that [Go, Go] as we ll as [Co, Co] are semisimple Lie algebras by Theorem 12.301 Using 
these together with (12.421) , Lemmas 12.351 and 12.391 classification of basic classical simple Lie superalgebras and 
pTl Pro.’s VI4,VI6], we are done. □ 


3. Classification Theorem 

In this section, we classify locally finite basic classical simple Lie superalgebras and study the conjugacy 
classes of their Cartan subalgebras under the group of automorphisms. To this end, we need to know Chevalley 
bases for f.d.b.c.s. Lie superalgebras. Chevalley bases for f.d.b.c.s Lie superalgebras were introduced in 2001 by 
I. Kenji and K. Yoshiyuki [3] using the fact that a f.d.b.c.s Lie superalgebra is a contragredient Lie superalgebra 
and its Cartan matrix is symmetrizable. We define Chevalley bases in a somehow different manner from the one 
they have defined. Throughout this section we assume the field F is algebraically closed. 

Lemma 3.1. Suppose that (Gi, (•, -)i, %), ( G 2 , (•, O 2 , %) two locally finite basic classical simple Lie superal¬ 
gebras with corresponding root systems R\,R 2 respectively. For i = 1,2, denote the induced form on span^Ri C 
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R* again by (•,•),. If Ri and i?2 are isomorphic, say via f : (R\) —> ( i?2 ) with (f(a),f(a')) 2 = k(a,a') 1 for all 
a, a 1 £ R and some k £ F\ {0}, t/ien t/iere is a linear isomorphism f : span ¥ R\ —► span ¥ R 2 whose restriction 
to (R\) coincides with f and for a, a' £ span ¥ R\, (f(a),f(a '))2 = k(a,a’)±. 


Proof. We know that R\ is of real type if and only if for each nonsingular root S, there exists a nonzero integer 
n with nS £ ((i?i) re ) or equivalently spanQ(i?i) re = spanjji?!. Now fix a basis {oti \ i £ /} C ( R\) re for 
spanQ(i?i) re as well as a nonzero nonsingular root <5 of R\ if R\ is of imaginary type. Set 


B := 


{«i | i £ 1} if R\ is of real type 

{5, on | i £ 1} if R\ is of imaginary type. 


Then by Lemma fl.101 B is F-linearly independent and so by Lemma \TSj\ b)(iii). it is a basis for both span F i?i and 
spanjji?!. Similarly, f(B) is a basis for span F i? 2 - We define the linear transformation / mapping a £ B to /(a). 
It is immediate that (/(a), f(a')) = k(a,a') for a, a' £ span F i?i. Now if a £ R\ C spanQ.B, a = T~Pj 

where Vj,Sj £ Z and /?i,..., (3 n £ B, so for s = Si • • ■ s n and r' = rjs/sj (1 < j < n), we have sa = r 'jPr 

Therefore, we have sf(a) = r jf(Pj)- Thus, we have f(a) = f(a). □ 

з. 1. Chevalley bases for basic classical simple Lie superalgebras. Suppose that Q is a finite dimensional 

basic classical simple Lie superalgebra of type X ^ >1(1,1) with a Cartan subalgebra R and corresponding 
root system R = R 0 U R\ such that Q\ ^ {0}. In what follows for a £ R x with (Qj) a ^ {0} (i £ (0,1}), we 

set |a| := i. Now we want to define a total ordering on V := spanQ^?. We fix a basis (ui,... ,v m } for V. For 

u = r\V\ + • • • + r m v m £ V, we say 0 -< u if u ^ 0 and that the first nonzero r*, 1 < i < m, is positive; next for 

и, v £ V, we say u^viiO^v — u. We set R + := R fl {u £ V \ 0 -< u} as well as R~ := —R + . Elements of R + 
are called positive and elements of R~ are called negative. As usual, for u, v £ V, we say u ^ v if either u = v 
or u -< v. Fix an invariant nondegenerate even supersymmetric bilinear form (•, •) on Q. We denote the induced 
nondegenerate symmetric bilinear form on H* again by (•, •). We recall that for a £ %*, t a indicates the unique 
element of H representing a through the form (•, •). For a £ H*, set 

— 1 ex £ Ri n R 

1 otherwise. 


Next fix r £ F \ {0} and for each a £ R x , set 


h *— vt 

I lev .- / Lry . 


One can see that 
(3.2) 


cr_ a = (—and h a =—h- a {a £ R x ). 


For a £ R + , hx Y a £ Q a and Y_ a £ Q “ such that [Y a ,Y_ a ] = h a . We note that for a £ R x , [Y a ,Y_ a ] = u a h a . 


Definition 3.3. A set {X a , hi \ a £ R x , i = 1, ...,£} is called a Chevalley basis for Q if 

• there are a nonzero scalar r and a subset {/3i,... , f3e} of R x such that {h\ := hp 1 ,... , he := hp e } is a 
basis for R where for a £ R x , by h a , we mean rt a , 

• for each a £ R x , X a £ Q a , 

• for each a £ R x , [X a , X_ a ] = o a h a . 
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Suppose that {X a ,hi | a £ R x ,i = 1,...,!} is a Chevalley basis for Q. We know from Lemma 12.41 that 
if a, (3 £ R x such that a + /3 £ R x , then [Q a ,Q^\ ^ {0}. This together with the fact that dim(C7“ + ^) = 1 
implies that there is a nonzero scalar N a< p with [ X a ,Xp\ = N a ,pX a+ p\ we also interpret N a<l 3 as zero for 
01,(3 £ R x with a + (3 ^ R. We refer to { N at p \ a, (3 £ i? x } as a set of structure constants for Q with respect 
to {X a ,hi | a £ R x ,i = 1,...,£}. Using a modified argument as in I] Pro. 7.1], one can see the following 
proposition but for the convenience of readers, we give its proof in details; see also [3] §3]. 

Proposition 3.4. Keep the same notation as above; we have the following: 

(i) If a,(3 £ R x , then N at p = -(-1)HI£I Np >a . 

(ii) If ol, (3 G R x with a + /? G R x , then for s := cr a ao,+p, we have 

Ha,(3 = SotifsHp^—a—f3 = 0‘o i O’(x-\-f3Nf3^—o i —f3. 

(Hi) Suppose that a,/3 G R x with a + f3 G i? x , then 

p 

Na t pN-a,-p = r ot,(3 := <rp<Tp+a<7a(- 1) I/3||q!| ^(-1 )* |a| (/3 - ia){h a ); 

2=0 

where p = 0 if a, (3 £ R ns and otherwise, p is the largest nonnegative integer such that (3 — pa £ R. 

(iv) If a, (3,^,5 £ R x with a±(3±7±5 = Q such that each pair is not the opposite of the one another, then 

(-1) WW cj a+ pN a> pN^ s + (-l)\ a W\op +1 N 0n N a , s + (-l) Whl * a+ -yN j!a Np tS = 0. 

Proof, (i) We have 

N a ,pX a+p = [X a ,X p \ = ~(-iy x ^ x ^[Xp,X a ] = —(— 1)I“H^I Np, a X a+ p. 

This completes the proof. 

(ii) Set 7 := — a — (3 and consider the Jacobi superidentity for X a ,Xp, X 7 , then we have 
0 = (-l)N^[[X a ,X 3 ],X 7 ] + (-1)1^1 [[X^,X a ],Xp] + (-l) ma \[Xp,X^],X a ] 

= (_i)l“ll'Tl [N a , p X a+p ,X y ] + (-l)^ m (N 1 , a X 1+a ,X p ] + (_i)I^H“![ai / 3 j 7 A' / 3 +7 , X a ] 

= (-l) l “ | HjV a , /9 cT- 7 /*- 7 + (~l) hm N^ a o-ph-p + (-l) m ^N p ^o- a h- a 

= — (—l)'“ ll7l lV ail g(—1) |7 | (j 7 /i 7 - (-l) hm N 7 , a (-l) m aphp - (-l) l/3|H W 3 , 7 (-l) H a Q ft Q 

= (—l)l a| l7l jv a ^(—l)l' 1 'l ( j 7 (/i a + hp ) - (-l) hm N^ a (-l) W aphp - (-l) mal Np n (-l)^o a h a . 

So as |a| + \(3\ = | 7 |, we have 

(3.5) (-l) m ^N a ^(h a + hp) = (-l) loim N lta ophp + (-l) hnal Np„cr a h a . 

Now if a, (3 are linearly independent, {h a ,hp} is linearly independent and so we get 
(_l)l/ 3 ll7l_/v‘ aj(g( T 7 = (-l^^N^ap = (-ijMMjv^. 

Therefore, as |a| + \(3\ = I 7 I, we have 

N at pcr 7 = (-1 ) lTl cr a iV / 3 i7 . 

If a, (3 are linearly dependent, then using PS Lem. 2.1(H)\ and PS Pro. 3.8(i)], one of the following cases can 
happen: a = ±(3, a = ±2(3 or (3 = ±2a but since a + (3 £ R \ {0}, we just have a = (3, (3 = —2a or a = —2(3. 
In the first case, since 2a = a ± (3 £ R \ {0}, we have |a| = |/3| = 1 and |y| = 0. So (13.511 together with part (i) 
implies that 


dlct,pcr^2hp — Nry, a (rphp T Xp^cr a hp — 2Np^crphp 
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so we get 


N a ,p<jry = (-l)lT'l a a Np t 


7‘ 


In the second case, |a| = |'y| = 1 and |/3| = 0 and so the result is immediate using part (i). In the last case, 
|/3| = I'y| = 1 and |a| = 0. Therefore (13.51) together with part (i) implies that 

2 ^ fy (T .y 7V.y ^ q. (Try -/N5y ^ Qy (70 IV 'Qy ^ 0 (Try ^ yy ( X 0 2 Ri0 Qy. 

This completes the proof. 

(Hi) We first assume a,/3 £ R re . Let 0 < i <p and set /3' := /3 — ia. We make a convention that 

for i — p, we set N a —p/ — a — A^_ QjCK _^/ — N a ^— a ^- 0 / — N a —pr y— a .— 0 

and consider the Jacobi superidentity for X a ,X- a ,Xp>. Then we have 

0 = [[X a ,X_ a ),Xp,}-[X a ,[X_ a ,X 0 ,]) + (-l)W[X_ a ,[X a ,X 0 ,}} 

= [iJ a h a ,Xp>] — N- a ^'N a - a+ ^ Xp> + (— iy a \N_ ata+ p'N a ^'Xp'. 


This implies that 


a a f3'(h a ) = N- a ,fi'N a ,- a+ p' - (-1 )^N_ a , a+p ,N a ^ 


Using part (ii) respectively for (—/?', —a) and (a — /?', —a), we get 




> +a N-p'- a = (-1) 1 ' 3 +Q| cr_ / 3'A r _a,a+/3' and ayNa-P'-a = (-l) l/3 \(J a -pN^ c 


Thus we get 


and 


N a ,p'N_ ata+ p> = (—1)^ +Q ^<T_p>api +a N at p>N_pf } _ a 

= -(-1 ) |Q l +l ^' l (-l) l ^ l (-l) |a|l ^ l ^^ +a IV Q ^IV- a) _p, 


X-otyP'Nfx^—OLp-P’ — ( 1 )^ ^ (Ta—0' (7 pi N a — p',— a N a ,— a -\-p/ 

= -(-l ) l/3 ^(Tp>(Tp>- a N a _ a+ p, N- a<a -p'. 


So we have 


(-l) lam a a p’(h a ) = (-l)HI' 3 '! N-cpNa^a+p' - (-l)l“H/ 3 'l(-l)l“l N- a , a +p>N a 

— &(3'&/3'-\-a.NN—cx^—p' dp' (Jp'—ot A^ Q ; 5 _ a _|_ y 0' N— a ^ a —p'. 
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Therefore, we have 

*a£(-lp~ <a|W 09 -ia){h a ) 
i =0 


P 

^ ^ &/3—ia&(3—(i— l)a.Na,f3—iaN— a ^ — (^_ i a ) 

2=0 

P 

^ ^ &/3—iot&/3—(i-\-l)a-^a,/3 — ex.,— /3+(i+l)a 

2=0 

^ CTy0+«-^o;,/3a, -/3 
P 

^ ^ &(3—iotO'(3—(i—l)aNa / .,(3—i<yN_ a ^_(p_i a ) 

2=1 

P-1 

^ ^ &/3—ia&(3— ( 2 + l)a-^o;,/3 — ( 2 + 1 ) 0 :-^— a,—/3+( 2 + 1 ) 0 : 
2=0 

073 & fi +a: -^Vq; , /3 a,—/3 

P-1 

^ ^ &(3—ia&/3 — (2+l)a^Vo:, y 0 — ( 2 +l)a-^— a,—/3+(2+l)a 
2=0 
P-1 

^ ^ ^y/3—2a^"/3 —( 2 +l)a-^o;,/3 —( 2 + 1 ) 0 :-^—a,—^+( 2 + 1 ) 0 : 
2=0 


This means that 

p 

N a ,pN- aj -p = <Tp<Tfi + *a a (-l)M M ^(-lyWtf-iaXha) 

2=0 

as we desired. We next assume a, /3 G _R n s, then since a + [3 G i?, we have a — /3 ^ R; see Proposition 12.161 Then 
the Jacobi superidentity for X^X-c^X# together with parts (i) , (zi) turns into 


0 = [a a h a ,Xp] + (-l)WN_ a , a+0 N a> pX 0 

= a a 0(h a )X 0 + (-l)^N_^ a+p N at pX p 

= o a P{h a )X p + (-l)l“l(-l)l^+“l CT/J+a< r_ /> JV-y9,-„JVa I p^|9 

= v a P(h a )Xp + (-l)l“l(-l)l /3 l(-l)l /3+ “l ( 7 /3+Q( 7 /3 iV_ /3 ,_ a iV C(i/3 X /3 
= v a P(h a )X 0 - (-i)l“l(-l)l/»l(-i)l/>+“l(-i)l“ll/»l a p+a a 0 N_ at _pN a> pX 0 . 

This implies that 

N- a -pN a< p = (-l) l “ ll/ 3 | cr Q cr / 3 +Q cr / 3 / 3 (/l Q ) 

and so we are done. 

( iv ) In what follows if 771,772 € T~L* are such that either rji or 772 is not a nonzero root, we define N m ^ 2 to be 
zero. Suppose that a,/3, 7,77 are as in the statement. Considering the Jacobi superidentity for X a ,Xp and X 7 , 
we have 


X(x , 0 X a X rx -j-/3 p 7 — 


[[X a ,^],X 7 ] 

[X a , [X^,X 7 ]] - (-l)l a ll /3 l[X /3 , [X Q ,X 7 ]] 
X /3 , 7 X ct)/5+7 X a+ y 3+7 - (—i)l“ll^ljV er>7 JV jS , Q _|_ 7 X Q ,_|_y3_|_ 7 . 
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Since (a + (3) + 7 + <5 = 0, part (ii) implies that 

-^a+/3,7 ( 1 ) I'^(5^”a+/3-^7,<5 * 

Note that if a + j3 is not a root, the above equality is nothing but the natural identity 0 = 0. Similarly, we have 

-^/3+7,a ( 1) ^(5^p7^a,5 and N a _ (- 7 ^ ( 1 ) “TS&a+'y -^V/3,<5- 

Therefore, we have 

( — iy S \(Js<Ju+pN at pN li 6 = Na,pN a+ p t y 

= JV/S,7JVa,|8+7 - (—l)'“ ll/3| iV a>7 A^g ia+ 7 

= -(-^(-l^^l+MM asa^N^N^s 

+ (-l) |a||/3| (-l) |5| (-l) |a||/3|+l7ll/5| a 5 a a+7 fV ai7 fV^ 

and so we get 

<T a +fiN a , p N y , s = -(-i)l“ll^l+l“ll'rl 0 . j 8 + 7 jv j 8 i 7 jv ai4 + (-l)^a a+J N an N Pt5 . 

Thus we have 


(-l) Wh, l a a+0 N ai0 N ltS + (-l) | “ll^ | £ r /3+7 JV^ i7 JV M + (-l)HI ^a a+1 N 7 , a N 0t s = 0. 

This completes the proof. □ 

We know that there are roots 0,7 such that a ^ ±7 and (a, 7) ^ 0 . So either a + 7 £ R x or a — 7 £ R x . 

Replacing 7 with —7 if necessary, we assume 77 := — (a + 7) £ R x . Since a + 7 + 77 = 0 , either two of a , 7, 77 are 

positive or two of —a, —7, —77 are positive. Selecting this pair of positive roots in an appropriate order, we get 

a pair (771,772) among the 12 pairs 

(a, 7), (a, 77), (7,77), (7, a), (77, ck), (77,7), 

(-a, -7), (-a, -77), (-7, -77), (-7, -a), (-77, -a), (-77, -7) 

such that 0 ^ 771 7? 172; following |T], we call such a pair a special pair. More precisely, a pair (a,/ 3 ) of elements 

of R x is called a special pair if 0 -< a ^ f3 and a + (3 £ R. A special pair (a, / 3 ) is called an extraspecial pair if 

for each special pair (< 5 , 7) with a + /? = <!> + 7, we get a A S. 


Lemma 3.6. Suppose that A is the set of all extraspecial pairs (a, ft) of R x and {N at p | (a, /?) £ .4} is an 
arbitrary set of nonzero scalars. Then there is {e a £ Q a \ {0} | a £ I? + } such that [e a ,ep] = N a ^e a +p for all 
{a,/3) £ A. 

Proof. Suppose that R + = {a 1 ,... ,a n } with ctr -< ... -< a n and take t to be the smallest index such that 
at is the summation of the components of an extraspecial pair. We choose arbitrary elements e ai £ Q°'. for 
1 < i < t — 1 . We know that there is a unique extraspecial pair (a, /?) with at = a + /?, so there is a unique pair 
(i,j) with i < j < t such that at = at + aj and define e at = N~^ a . [e ai ,e aj ]. Now using an induction process, 
we can complete the proof; indeed, suppose that t < r < n and that {e aa | 1 < s < r — 1} with the desired 
property has been chosen. If a r is not the summation of the components of an extraspecial pair, we choose e ar 
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arbitrary, but otherwise we pick the unique pair (*' ,j') with i' < j' < r — 1 such that a r = ay + ay. Now we 
define e ar = N~^ a [e a , e a .,} . This completes the proof. □ 

Theorem 3.7. Suppose that Q and C are two finite dimensional basic classical simple Lie superalgebras with 
Cartan subalgebras R and T and corresponding root systems R = RqDR± and S = SqUSi respectively which are 
not of type .4(1,1). Suppose that (-,-) (resp. (■,■)') is an invariant nondegenerate even supersymmetric bilinear 
form on Q (resp. C) and denote the induced forms on H* and T* again by (•,•) and (-,•)' respectively. Suppose 
that {(R), (•,•), R) and (( S ), (-,•)', S) are isomorphic finite root supersystems, say via f : {R) —> (S). Then we 
have the following: 

(i) There are Chevalley bases {hi,e a | a £ R x , 1 < i < £} and {ti,xp | 0 £ S x ,l < i < £} for Q and C 

with corresponding sets of structure constants { N at p \ a, 0 £ R x } and | 7,77 £ S x } respectively such that 

N a ,p = for all a ,/3 £ R x . 

(ii) {N a jj | a ,/3 £ R x } is completely determined in terms of N a p’s for extraspecial pairs (a, (3). 

(Hi) There is an isomorphism from Q to C mapping R to T and e a to £/( a ) for all a £ R \ {0}. 


Proof. («), (ii) Suppose that k £ F \ {0} is such that (f (a), f (0))' = k(a, 0) for a, 0 £ R. Fix r, s £ F \ {0} such 
that r = sk. This implies that r(a,0 ) = sk(a,0) = s(f(a),f(0))' for all a, 0 £ R. Use Lemma HO to extend the 
map / to a linear isomorphism, denoted again by /, from R* = spa%l? to T* = span^S with 

(3.8) r(a, 0) = sk(a , 0) = s(f(a ), /(/?))' (a, 0 £ R*). 


For a £ R*, take t a to be the unique element of R representing a through (•, •) and for 0 £ T*, take t'p to be 
the unique element of T representing 0 through (•, •)'. Next set 

(3.9) h a := rt a and h'p := st'a (a £ R, 0 £ S). 


Fix a total ordering “ -< ” on spanQl? as at the beginning of this subsection and transfer it through / to a total 
ordering, denoted again by “ < ”, on spanQS 1 . For a £ R* and 0 £ T*, set 

(3.10) := 


— 1 if a £ R n R 1 
1 otherwise 


and 


-1 if 0 £ s~ n Si 

1 otherwise. 


Suppose that A is the set of all extraspecial pairs of R , then 

{(f(ot),f(0)) I (a,0) £ A} = {(f?,7) I (»7,7) is an extraspecial pair of 5}. 


Fix a subset {iV a>/ 3 | (a, 0) £ .4} of nonzero scalars and set Mf( a ).f(8) ■= N a jj q, for all (a, 0) £ A. Using Lemma 
13.61 one can find {e a £ Q a \ {0} | a £ R + } and {xp £ Cf \ {0} | 0 £ S + } such that 

\e a ,ep\ N a ^pe a p-p and faf (a) Af (fi)\ ^^/(a),/( J 8 )^'/(a)+/(/ 3 ), (rx, 0) £ A. 

Now for each a £ R + and 7 £ S + , choose e_ a £ Q~ a and x _ 7 £ £~ 7 such that 

[e a ,e- a ] = h a and [x 1 ,X- 1 \ —h! 1 (ct £ R + , 7 £ S + ) 

and note that we have 


[e a , e- a ] = <r a h a and [x 1 ,X- 1 \ = (a £ R x ,7 £ S x ). 
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Now for each pair (ct, /3) of R x with a + (3 £ R x and (ct, /3) ^ A, take N a> p to be the unique nonzero element 
of F with [e a ,ep\ = N a> pe a +i 3 ; also for each pair ( 7 , 77 ) of S x with 7 + 77 £ S x such that ( 7 , 77 ) is not an 
extraspecial pair, take M 7)7J to be the unique nonzero element of F with [x 1 ,x v \ = M 7 iI) e 7+ir Fix {/3 ls ... ,/3^} 
such that {hi := hp i | 1 < i < £} is a basis for R and set U := h'y^.y Then {h i: e a \ a £ R x , 1 < i < and 
{U,xp | /3 £ S x , 1 <* < (,} are Chevalley bases for Q and C respectively. We complete the proof through the 
following two steps. As usual we also set N a _p '■= 0 and := 0 if a, /3 £ R x and 7,77 € S x with a + /3 0 i? x 
and 7 + 77 ^ S x . By a conventional notation in these cases, we set N^ tCt+ p := 0 and := 0 for £ £ and 

£eS x . 

Step 1. For a special pair («,/?), we have iV ai( g = Mf( a )j(p) and iV aii g is determined in terms of N a i t p/’s for 
extraspecial pairs (a , ,/3 / ) : Suppose that (a,/3) is a special pair which is not an extraspecial pair. So there is a 
unique extraspecial pair ( 7 , S) with a + (3 = 7 + <5. We have a + /3 + (— 7 ) + (—5) = 0. Therefore by Proposition 
Ed we have 

(— 1 ) | «I | -T | a^+pNcpN-^-t + (—1)'“ 11/9 'erg— yNp, — yN a ,-s + (_i)Ml^l ffD1 _ 7 JV_ 7ia Afc ( _ s = 0. 


So, 


N, 


\I«II0I + Ml7l 




- (-l) mH+lo ‘ lhl a a+ pa a - 1 NI^_ s N-^ c ,N f} ,_s 

( 1) — 7 7* 7j( 5 -N 7j 5 ^0, — 'yR—'y, r y — 0S — 5,ahlct,5—ot 

- ^ Pm+ ^a a+ pcr a -^r-^N 1 , 5 s ol ,- 1 N-^- a s-a,pNp^p. 


Since N a ^ ^ 0, either N_ in _^N OL ^_ ot ^ 0 or N_ 7 ^_ a Nj 3^-/3 ^ 0. So 

( l) I \&ac-\-/3&f3—'y'r^y,sN-y j 5Sf3 i —'yT—'y i 'y—/3Nry,p_^S—5 j aiNoc,5— 

-1 


(3.11) 


- Nq -,0 = < 


N—'y j 'y — o l N/3^5 — (3 0 


_(_ 1 )I^IHI+l«H 0 . oi+j9ffa _ 7r -ijv 7iaaai _ 7 r_. 


7' -7,7-0!- iV 7,Q!-7 


n: 


S — 5,(3 Np ^S—(3 -^— 7 , 7 —/3^oi,S—(x — 0 


( 1)^ ^ —7^*7 j £-^7,5®t9,—7^*—7,7—/ 3 -^V-y^ — 5 ,a ^a,S —c 

— (— 1 )'^ ^ + ^^a a +ac a - 7 7 '“^A 7 i ss a ,_ 7 r~ 7 , 7 - a 7 V“ 9 _ 7 s_ i 5 , ) s 7 V i g,otherwise. 

But 7 -*< a A /3 -< 5, so if each of pairs ( 7 , /3 — 7 ), (a, (5 — a), ( 7 , a — 7 ) and (/?, <5 — /3) is a pair of roots, it is a 


pair of positive roots whose sum of its components is less than a + (3 = 7 + 5 with respect to the ordering “ A ”. 
Now we use induction ona + ,6 with respect to the ordering A to complete the proof. If (a, f$) is a special pair 
such that a + (3 is as small as possible with respect to “ A ”, it follows from the above argument that (a, /3) is 
an extraspecial pair and so there is nothing to prove. Next suppose (a, f$) is a special pair and that we have the 
result for N^ lt ^ 2 , where (Ci^C 2 ) is a special pair satisfying £ + £ 2 -< a + / 3 . If (a,/3) is extraspecial, there is nothing 
to prove, otherwise we are done using (13.111) together with (13.81) and the induction hypothesis. 

Step 2. For a,/3 £ R x with a + {3 £ R x , we have N a ,p = Mf( a )j(p) and N a> p is completely determined in 
terms of N a yp >'s for extraspecial pairs (a',/ 3 ') : Suppose that a, (3 £ R x and a + (3 £ R x , then for 7 := — (a + f3), 
we have a + [3 + 7 = 0, so as we have seen before, there is a special pair ( 771 , 772 ) among the 12 pairs 


{a, 13), (a, 7), (/3,7), {{3, a), (7, a), (7,/ 3 ), 

(-a, —/ 3 ), (-a, -7), (-/?, -7), {-P, -a), (-7, -a), (-7, -/?). 

Now using Proposition [331 for each pair ( 71 , 72 ) of these 12 pairs, 1V 71i72 = Mf (-■„)./(-, 2 ) are uniquely determined 

in terms of N Vl>rl2 = Now we get the result using Step 1 together with (13.81) . 

(in) Use the same notation as above. Define 6 : Q —► C mapping hi = hp i to U = and e a to x/( a ) for 

all a £ R x and 1 < i < l. We claim that 9 is a Lie superalgebra isomorphism. We first note that by Proposition 

12.51 (12.61) and (12.11) . f(Ro) = So and f(Ri) = S±. Therefore, we have 9{Qj) C Cj for i = 0,1. Now we need to 
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show 6[x,y\ = [6(x),0{y)\ for all x, y G Q. If x = hp i and y = e a , for some 1 < i < £ and a G R x , by (13.81) . we 
have 

0[fy8«,e a ] = 0(a(hp i )e a ) = a(hp t )9(e a ) = f(a)(ti f{/3i) )x f{a ) = [h' f ^.yX f{oi )\ 

Next suppose a, /? G i? x . If a + /3 ft. I?, then /(a) + /(/?) ft 5 and so [e a ,e^] = 0 and [0(e a ), ^(e^)] = 
[x^( a ), x/cg)] = 0, also if a + ft G I? x , then by part (*), 

^[e a , e^] = 0{M n _pC a J r p ) = N ati p6[e a +p) = Mf( a yf(p’)Xf( a +p') = [*^/(a)7 *e/(/3)] 

= [#(e a ), ^( e /?)]- 

Finally, for a G I? x , if h a = ^i=i f° r some rj € F (1 < i < I), we get a = ]T)- =1 and so /( a ) = 
Si=i r if{Pi) which in turn implies that 

l £ 

(3.12) /i' /(a) = ^ ^ = 6>(ft. a ). 

i=l i—1 

Therefore, we have 

0\Cat i C-q] 9{(J a /Iq.) (J a hj;^ a ^ ^/(a) ^"/(a) — /(a;)] [^(^a ) i 9{e.— q,)] . 

This completes the proof. □ 

Suppose that Q is a finite dimensional basic classical simple Lie superalgebra with a Cartan subalgebra TL 
and corresponding root system R. For a group homomorphism <f : (R ) —> F \ {0}, the linear transformation 
<f> : Q —► Q mapping x G Q a {a G R) to (f{a)x is a superalgebra automorphism referred to as a diagonal 
automorphism. 

Lemma 3.13. Keep the same notations and assumptions as in Theorem \ 3. 7| and its proof. Suppose that II 
is an integral base for R and fix nonzero elements f a G G a and y a G £f( a ) for all a G II. Then there is an 
isomorphism from Q to C mapping f a to y a and h a to /i^, ^ for all a G II. Moreover, if II is a base, then such 
an isomorphism is unique. 

Proof. Consider the Chevalley bases {e a , hi | a G R x , 1 < i < £} and {xp, U | ft G S x , 1 < i < T} as well as the 
isomorphism 9 : Q —> C as in Theorem 13.71 Since f a G G a = Fe a , there is k a G F \ {0} such that f a = k a e a . 
Similarly, there is a nonzero scalar k' a such that y a = k' a Xfi a y Define <f : (R) —> F \ {0} mapping a G II to kf 1 
and (ft : {S) —>■ F\{0} mapping f(a) G /(II) to k' a . Now using (13.121) . one can see that isomorphism if := (f'oOoff 
has the desired properties. Next suppose II is a base for R and if and if are two isomorphisms from Q to C 
mapping f a to y a and h a to h'^ a ^ for all a G II. Then tp := if ~ 1 oift is an automorphism of Q mapping f a to f a 
and h a to h a , for a G II. Since for a G II, p(f a ) = / a ,we have p{e a ) = e a . On the other hand, as tp is identity on 
7i, p preserves the root spaces. This together with the fact that [e a , p(e- a )\ = [p(e a ), p(e— a )\ = p(h a ) = h a for 
all a G II, implies that p(e- a ) = e- a . Now suppose that a G R x , since II is a base, there are n,... ,r n G {±1} 
and a j 1 ,..., G II such that a = r^a^ + • • • + r n a.i n and that r ja,, + • —h rta.i t G R x for all 1 < t < n. This 
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together with Lemma 12.41 and the fact that root spaces corresponding to nonzero roots are one dimensional, 
implies that Q a = F[e rn a n ,..., [e r3 a. 3 , [e r 2 a 2 , e r ioJ] • • • ]• But <p(e a ) = e a and tp(e- a ) = e_ a for all a £ II, so the 
restriction of ip to Q a is identity. This completes the proof. □ 

3.2. Extension Theorem. 

Proposition 3.14. Suppose that (Q, (•,•), R) and (£, (■,■)', T) are two infinite dimensional locally finite basic 
classical simple Lie superalgebras with corresponding root systems R and S respectively. Denote the induced 
forms on V := span ¥ R and U := span ¥ S again by (■, •) and (-,■)' respectively. Suppose that ((R), (■,■), R) and 
(( S ), (•, •)', S) are isomorphic locally finite root supersystems, then there is an isomorphism from Q to £ mapping 
R onto T. 

Proof. Locally finite basic classical simple Lie superalgebras with zero odd part are exactly locally finite split 
simple Lie algebras in the sense of m- So contemplating m Thm. IV.4], we may assume L\ ^ {0}. Suppose 
that / : (R) —> ( S ) is the isomorphism from R to S with (/(a), /(/3))' = k(a, (3) for a,/3 £ R and some nonzero 
scalar k. Using Lemma |3.II we extend / to a linear isomorphism, denoted again by /, from span F I? to span^S 
with (/(a), /(/3))' = k(a, ft) for a, /3 £ span F i?. Fix r, s £ F \ {0} such that r = sk. Therefore, we have 

r(a, ft) = sk(a, ft) = s(f (a), f (ft))' (a, ft £ span F i?). 

For a £ span F l?, take t a to be the unique element of R representing a through (•, •) and for ft £ spanpS 1 , take t'p 
to be the unique element of T representing ft through (•, •)' and set 

h a := rt a and h'p := st'p (a G R, ft £ S). 

By Lemma fl. 1 71 there is a base II for R and a class {I ? 7 | 7 G T} of finite irreducible closed sub-supersystems of 
R of the same type as R such that R is the direct union of Rfi s and for each 7 G T, Ilnl ? 7 is a base for I? 7 . Now 
IT := /(II) is a base for S and S = U 7 e rS ' 7 in which S 7 := f{Rfi) is a finite irreducible closed sub-supersystem 

of S and 11 ^ := IT PI S 1 is a base for S 1 . For each 7 G T, set 

Gh):= J2 G a ® E [S a ,G~ a ] and U{ 7 ):= ^ [G a ,G~ a ] 

a£R* a£R 7 aefi* 

and 

£( 7 ):= E £ “® E \£ a ^~ a \ an d r( 7 ):= E ^~ a ]- 

aesf a&Sf aesf 

Then as in the proof of Lemma [2.281 Gfil) is a finite dimensional basic classical simple Lie superalgebra with 
Cartan subalgebra 7 ^( 7 ) and corresponding root system R 7 and C{ 7 ) is a finite dimensional basic classical simple 
Lie superalgebra with Cartan subalgebra £( 7 ) and corresponding root system S 1 . Now fix {f a G Q a \ a G 11} 
and {y a G /V(a) | a G II}, By Lemma f3.131 for each 7 G T, there is a unique isomorphism 9 1 from G{ 7) to £( 7) 
mapping f a to y a and h a to h for a G II 7 . Now for 71 , 72 £ T with i? 7l C R l2 , 0 7l , 0 l2 |p( 7l ) are isomorphisms 
from 0 ( 71 ) to £( 71 ) mapping f a to y a and h a to for all a G II 7 , therefore, we have 0 7l = 0 72 | 0 ( 7l ) by 

Lemma r3.13l This allows us to define the isomorphism 9 : Q — > £ by 9(x) = 9 1 {x) if x G ^( 7 ). The isomorphism 

9 maps R onto T. This completes the proof. □ 
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Corollary 3.15. Suppose that £ is a locally finite basic classical simple Lie superalgebra. Assume TL and T are 
two Cartan subalgebras of £ with corresponding root systems R and S respectively. Then Tl and T are conjugate 
under Aut(£) if and only if R and S are isomorphic locally finite root supersystems. 

Proof. Assume <f> : £ —> C is a Lie superalgebra automorphism such that T = 4>{TL). Define the bilinear form 
(-,■)' : £ x C —> F with (x,y)' := ((j)~ 1 (x),4>~ 1 (y)) for all x,y £ £. The linear isomorphism f> \u: TL —> T 
induces a linear isomorphism cf> : TL* —>■ T* mapping a £ TL* to ao (cf>\ t) _ 1 - For each h £ TL, a £ R and x £ £ a , 
we have [cj>(h), cj>(x)] = <t>[h,x] = a(h)(j>(x) = </>(a)(</>(/i))</>(:r). Now it follows that (£, (•, •)',£) is an extended 
affine Lie superalgebra, </>(£“) = £^“) and that S = 4>{R). For j3 £ spanpiS, take t'p to be the unique element 
of T representing /? through (•, •)' and for a £ span F f?, take t a to be the unique element of TL representing a 
through (•,•). One can easily check that and (t a ,tp) = f° r a,/3 £ R. These all 

together imply that <f> ^ defines an isomorphism from R to S. The reverse part follows from Proposition [2HH 
m Cor. IV.5] and finite dimensional theory of Lie superalgebras. □ 

Using na Thm. IV.6], one knows the classification of locally finite split simple Lie algebras, i.e., locally 
finite basic classical simple Lie superalgebras with zero odd part. In what follows using Theorem l2.30l Examples 
12.36112.401 Proposition 13. 141 and Lemma T2.411 we give the classification of locally finite basic classical simple Lie 
superalgebras with nonzero odd part: 

Theorem 3.16. Each locally finite basic classical simple Lie superalgebra with nonzero odd part is either a finite 
dimensional basic classical simple Lie superalgebra or isomorphic to one and only one of the Lie superalgebras 
osp(2 1, 2 J) (I, J index sets with \I U J\ = oo, \J\ ^ 0), osp(2/ + 1, 2 J) (I, J index sets with |/| < oo, | J| = oo) 
or sl(/g, If) (I an infinite superset with Iq,Ii Y®)- 

Proposition 3.17. Suppose that £ is an infinite dimensional locally finite basic classical simple Lie superalgebra 
with nonzero odd part, then if for an infinite index set I and a nonempty index set J, £ cs osp(2 1 + 1,2J) cs 
osp(2I, 2J), there are two conjugacy classes for Cartan subalgebras of £ under Aut(£); otherwise all Cartan 
subalgebras of £ are conjugate under Aut{£), i.e., there is just one conjugacy class for Cartan subalgebras of £ 
under Aut(£). 

Proof. We first assume I is an infinite index set, J a nonempty index set and £ ~ osp(2I + 1, 2 J) ~ osp(2I, 2 J). 
We know form Example l2.36l that there are Cartan subalgebras TL\ and TL 2 for £ with corresponding root systems 
Ri of type B{I , J) and R 2 of type D(I , J) respectively; in particular thanks to Corollarv l3.15l there are at least 
two conjugacy classes for Cartan subalgebras of £ under Aut{£). We next note that there is a decomposition 
£0 = Q 1 ®Q 2 for £q into simple ideals in which Q 1 is isomorphic to o(2 1 + 1,F) ~ o(2/,F) and Q 2 is isomorphic 
to sp(J,F); see [TO] for the notations. By [lOj Cor. VI.8] and finite dimensional theory of Lie algebras, there 
are two conjugacy classes for Cartan subalgebras of Q 1 under Aut(Q 1 ) and there is just one conjugacy class for 
Cartan subalgebras of Q 2 under Aut{Q 2 ). Therefore, up to Aut(t/ 1 )-conjugacy, TL\ Cl Q 1 ,TL 2 fl Q 1 are the only 
non-conjugate Cartan subalgebras of Q l ; also TL\ fl Q 2 , TL 2 Cl Q 2 are Aut(C/ 2 )-conjugate Cartan subalgebras of Q 2 
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and in fact up to 7liti((/ 2 )-conjugacy, Hi fl G 2 is the only Cartan subalgebra of G 2 ■ Now suppose that T is a 
Cartan subalgebra of C with corresponding root system S = SqUSi. We want to show that T is either conjugate 
to Hi or to % 2 - Since T fl Q 1 is a Cartan subalgebra of Q 1 and T fl Q 2 is a Cartan subalgebra of G 2 , there are 
i £ {1,2} and (f>\ £ Aut(G 1 ),4> 2 £ Aut(G 2 ) such that <f>\(T fl G 1 ) = Hi fl Q 1 and (j> 2 (T fl G 2 ) = Hi fl G 2 ■ So 
</>i © 4 >2 is an automorphism of £g mapping T = (T fl G 1 ) © (Tfl G 2 ) to Hi = (Hi fl Q 1 ) © (Hi fl Q 2 ). This implies 
that (Ri) 0 is isomorphic to S 0 . So using the classification tables of locally finite root supersystems, Proposition 
12.51 Lemma T2.171 and the fact that |Sj = 00 , Ri is isomorphic to S. Therefore there is an automorphism of 
C mapping T to Hi by proposition 13.141 This implies that there are exactly two conjugacy classes for Cartan 
subalgebras of C under Aut(C). 

Next suppose that C is one of the Lie superalgebras osp(2I,2J),osp(2I + 1,2J) where I, J are index sets 
with 0 ^ |/| < 00 , |J| ^ 0 or s((/q,/j) where I is an infinite superset with |/| = 00 and /g, 7j ^ 0. Take fj to 
be the standard Cartan subalgebra of C introduced in Examples 12.361 and 12.401 and consider its corresponding 
root system R. Next suppose that T is another Cartan subalgebra of C and take S to be the corresponding root 
system of C with respect to T. Then S is an irreducible locally finite root supersystem with |Sj = 00 . From the 
classification tables of locally finite root supersystems and Lemmas 12.161 and 12.171 S is isomorphic to the root 
system of one of the Lie superalgebras b/yj', c t< introduced in Lemma [2.411 Call this Lie superalgebra Q 

and take H to be its standard Cartan subalgebra, so by Proposition 13.141 there is an isomorphism </> : C —>• Q 
mapping T to H. Now since C ~ Q, using Lemma l2.411 there is an isomorphism if) form C to Q mapping 1) to H. 
Therefore, o (j> is an automorphism of C mapping T to h. This completes the proof. □ 
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